ERGODIC PROPERTIES OF INFINITE EXTENSIONS OF 
AREA-PRESERVING FLOWS 
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Abstract. We consider volume-preserving flows {^()t^R on 5 X R, where 
S is a closed connected surface of genus g > 2 and ('I'{)tgM has the form 
^■[{x,y) = (^(j>tx, y + Jq f{<Psx) ds^ where (0t)tsM is a locally Hamiltonian 
flow of hyperbolic periodic type on S and / is a smooth real valued function on 
S. We investigate ergodic properties of these inflnite measure-preserving flows 
and prove that if / belongs to a space of flnite codimension in ^^^^"{S), then 
the following dynamical dichotomy holds: if there is a fixed point of ((j>t)teR on 
which / does not vanish, then (<l>^)tgK is ergodic, otherwise, if / vanishes on 
all fixed points, it is reducible, i.e. isomorphic to the trivial extension (<l?^)tg]g. 
The proof of this result exploits the reduction of ($^)tgg to a skew product 
automorphism over an interval exchange transformation of periodic type. If 
there is a fixed point of (0t)tgB on which / does not vanish, the reduction 
yields cocycles with symmetric logarithmic singularities, for which we prove 
ergodicity. 



1. Introduction 

In this paper we investigate ergodic properties for a class of infinite measure 
preserving extensions of area-preserving flows on compact surfaces of higher genus. 
Let (SjUj) be a compact connected oriented symplectic smooth surface of genus 
g > 2 and consider a symplectic flow ((/)t)tgR on S given by the vector field X. Let 
/ : 5* — !> R be a '^^+'^-function. Following [TT] we will consider a system of coupled 
differential equations on 5 x M of the form 

for (x, y) E S X M.. The flow given by these equations is a skew-product extension 
of {(f>t)tm which we will denote by ($f )(gR. 

We consider locally Hamiltonian flows {ipt)t£R, which are a natural class of sym- 
plectic flows (in dimension 2 locally Hamiltonian and symplectic are both equivalent 
to area preserving) introduced and studied by S.P. Novikov and his school (see for 
example [341 [55] and also [B] for the toral case) and are also known as flows given 
by a multivalued Hamiltonian. We now recall their deflnition. 

Let r] he a closed 1-form on S. Denote by tt : S* — S" the universal cover of S 
and by rj the pullback of r; by tt : 5 — > 5. Since S is simply connected and ff is 
also a closed form, there exists a smooth function H : S called a multivalued 

Hamiltonian, such that dH — rj. We will assume that H \s a Morse function. 
Denote hy X : S ^ TS the smooth vector fleld determined by 



T] = ixuj = uj{X, ■ ). 
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Let stand for the smooth flow on S associated to the vector field X. Since 

drj — 0, the flow {(j)t)t<£R preserves the symplectic form cj and hence it preserves 
the associated measure i> obtained by integrating the form uj. Moreover, it is 
by construction locally Hamiltonian and it has finitely many fixed points, which 
coincide with the image of the critical points set of the multivalued Hamiltonian 
H by the map tt. Denote by E the set of fixed points. Since we assume that H 
is a Morse function, the points in S are either centers or non-degenerate saddles. 
We will assume throughout that the flow has no saddle connections, i.e. that there 
are no saddles which belong to the closure of the same separatrix of the flow. This 
assumption implies that the flow on S\Yi is minimal (see |30j) and that all points 
in S are saddles. 

Given a '^^+'^-function / : 5 — > R, the extension (${)tgR of the locally Hamil- 
tonian fiow ((/)t)fgR has the following form 



i.e. )igR is a skew product flow over the base fiow (0t)tgR on S. In particular, 
it follows that ("I>{)tgR preserves the infinite product measure ly x Leb, where i' is 
the invariant measure for ((/)t)tgR and Leb here is the Lebesgue measure on R. 

A basic question in ergodic theory is the description of ergodic components. Let 
us recall that a flow ($t)fgR preserving a invariant measure fi (finite or infinite) is 
ergodic if for any measurable set A which is invariant, i.e. such that fJ.{A) — /i($tA) 
for all t e K, either /x(A) = or IJ,{A'^) = where A"^ denotes the complement. 
The problem of ergodicity for locally Hamiltonian flows on compact surfaces is well 
understood. A typical locally Hamiltonian flow {(l)t)ti£R on S with no saddle con- 
nection is (uniquely) ergodic, by a celebrated theorem by Masur and Veech [331148) . 
Moreover, mixing properties of locally Hamiltonian flows have been investigated in 
dZl [2H1 HI HI Hi]- On the other hand, very little is understood in the case 
of non-compact extensions with the exception of the special case of g = 1 (see 
pn, I13| ) and the case where / vanish on the set of fixed points of the fiow (0t)fgR 



In the setting of extensions, a property completely opposite to ergodicity is 
reducibility. Let us note that if / 0, the phase space S* x M for the corresponding 
trivial extension given by ^^(x,y) — {(j)tx,y) is foliated in invariant sets of the 
form S X {j/}, ?; e M. In this sense, the dynamics is reduced to the dynamics of 
the surface fiow ((/)t)tgR. We say that (${)tgR is (topologically) reducible if it is 
isomorphic to ($°)tgR and the isomorphism GiS'xR^-S'xK.isof the form 
G{x,y) = {x,y + G{x)), where G : S* — > M is continuous (and automatically its 
inverse G~^{x, y) = {x,y — G{x)) is also continuous). In this case, the phase space 
is again foliated into invariant sets for ($f )(gR of the form {{x,y + G{x)), x G S}, 
y GM.. On each leaf the action of (<i>{)tgH is conjugated to the one of (0t)tgR on S. 

We will consider extensions of a special class of ergodic flows {(j)t)t£R on surfaces 
of genus g > 2. For these extensions, we will completely describe the ergodic 
behavior and prove a dichotomy between ergodicity and reducibility. 

Let us define the special class of locally Hamiltonian fiows {<j)t)t£R- Consider 
the foliation ^ determined by orbits of the locally Hamiltonian flow {(f)t)t^R on S. 
The foliation ^ is a singular foliation with simple saddles at the set S. It comes 
equipped with a transverse measure i.e. a measure on arcs 7 transverse to the 
flow, given by v^i^) = rj. The pair (^, v^) is a measured foliation in the sense 
of Thurston (see [111[TU]). We say that {(j)t)tm is of periodic type if there exists a 
diffeomorphism ^ : S ^ S which fixes the foliation ^ and rescales the transverse 
measure, i.e. there exists p < I such that ^'(j/^) = pv^ (i^^(^' o 7) = pv^^^-y) for 




(see [Zllllin]). 
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all transverse arcs 7). For example, ^ could be a pseudo-Anosov diffeomorphism 
such that the stable foliation for ^ is the measured foliation ly^). Remark that 
flows of periodic type have no saddle connections. The diffeomorphism ^ induces 
a linear action on the homology R). We say that a locally Hamiltonian 

flow is of hyperbolic periodic type if it is of periodic type and additionally 

: Hi{S,M.) Hi{S,M.) is hyperbolic, i.e. all eigenvalues have absolute value 
different than one. 

We can now state our main result. 

Theorem 1.1. Let {(j)t)t£M be a locally Hamiltionian flow 0/ hyperbolic periodic 
type on a compact surface S of genus g > 2. There exists a closed ((j)t)t<£m.-invariant 
subspace K C ^^"'"'^(S') with codimension g in '^'^^'^(S), where g is the genus of S , 
such that if f ^ K we have the following dichotomy: 

• If^zeT. \ f{^)\ 7^ then the extension (<l>{)tgR is ergodic; 

• If^zeT, ~ then the extension (<I>{)tgR is reducible. 

Moreover, for every f S '^^'^'^'^(S) we can write f — fx + /s where fx G K and 
fs vanishes on E and belongs to a g dimensional subspace of '^^^~^'^{S,T,) — {f G 

Thus, in the setting of flows of periodic type there is an infinite dimensional 
subspace of functions / G '^^■^+'(5) on which we have a full understanding of ergodic 
behavior of (${)tgR and no behavior other than ergodicity or reducibility can arise. 
We do not have any results about ergodicity when f ^ K. The space K will be 
defined as the kernel of finitely many invariant '^^+'^(S')-distributions. A similar 
space arise also in the works by G. Forni [TH \T5\, where it is shown that in the 
context of area-preserving flows on surfaces there are finitely many distributional 
obstructions to solve the cohomological equation. 



1.1. Skew products over interval exchange transformations. A standard 
technique to study a flow on a surface is to choose a transversal arc 7 on the surface 
and consider the Poincare first return map on the transversal. When the flow is 
area-preserving, this map, in suitably chosen coordinates, is an interval exchange 
transformation. The original flow {(j)t)teR can be represented as a special flow over 
the interval exchange transformation (see Definition [5] below) and the study of the 
ergodic properties of the surface flow are then reduced to the study of the ergodic 
properties of the special flow. Similarly, choosing a transversal surface of the form 
7 X K one gets a two dimensional section of 5 x M. In this case the Poincare map of 
the extension (4>{)tgR, in suitable coordinates, is a a skew product automorphism 
over an interval exchange transformation. The main Theorem 11.11 will follow from a 
result about ergodicity for skew products with logarithmic singularities over interval 
exchange transformations fTheorem ll.2p . In this section we recall basic definitions 
and formulate the main result in the setting of skew products. The relation with 
the main Theorem 1 1.1 1 is explained in HI. 21 (see Theorem II. 3p . 

Interval exchange transformations (lETs) are a generalization of rotations, well 
studied both as simple examples of dynamical systems and in connection with flows 
on surfaces and Teichmiiller dynamics (e.g. see for an overview [CT [551 [5S]). To 
define an lET we adopt the notation from [51] introduced in [3T]. Let A he a. 
d-element alphabet and let tt = (ttq, tti) be a pair of bijections tt^ : — >■ {1, . . . , d} 
for e = 0,1. Let us consider A = {Xa)aeA G where = (0, +00). Set 
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|A| =Eae^A„ and / - [0, |A|) and 

la = [la, To), where = ^ A/3, = ^ A,3- 

7ro(^)<7ro(a) ttq (0)<Tro (a) 

= [^-'"a), where = ^ A^, = ^ A,3- 

7Ti(^)<Tri(a) 7ri(^)<7ri(Q) 

The interval exchange transformation T — T'(7r,A) given by the data (tt, A) is the 
orientation preserving piecewise isometry Tf^^ x-^ : [0, |A|) — > [0, |A|) which, for each 
a S .4, maps the interval la isometrically onto the interval . Clearly T preserves 
the Lebesgue measure on /. If d = 2, the lET is a rotation. 

Each measurable function : / — > M determines a cocycle ip^- ' ^ for T by the 
formula 

( ip{x) + ifi{Tx) + ... + ip{T''-^x) if n > 

(1.1) (^(")(X) = <^ if 71 = 

[ -{ipiT'^x) + ip{T''+^x) + ... + ip{T-^x)) if 7i<0, 

the function ip will be called a cocycle, as well. We also call (/?*^"^ the 71*'* Birkhoff sum 
of(/3 0verT. The sfcew prorfitct associated to the cocycle is the map : /xM— > /xR 

T^{x,y) = {Tx,y + (p{x)). 

Clearly preserves the Lebesgue measure on / x M. We will denote by Leb the 
Lebesgue measure on /. 

While there is large literature about cocycles for rotations (see [2j |6l [121 [SSl 
[331 [351 133 HO] ) I very little is known in general about cocycles for lETs. Another 
motivation to study skew products over lETs, in addition to extensions of locally 
Hamiltonian flows, comes also from rational billiards on non-compact spaces (for 
example the Ehrenfest wind-tree model) and Z'^-covers of translation surfaces (see 
|16|). The cocycles that arise in this setting are piecewise constant functions with 
values in Z'^. First results in these geometric settings were only recently proved by 

[HI m [201 [m IS]- 

The class of skew products over lETs which we consider in this paper are the 
ones that appear as Poincare maps of extensions of locally Hamiltonian flows on 
surfaces of genus g > I, which typically yield cocycles which have logarithmic 
singularities. Ergodicity in a particular case of extensions of locally Hamiltonian 
flows which yield cocycles without logarithmic singularities was recently considered 
by the first author and Conze in [7]. Cocycles with logarithmic singularities have 
been previously investigated only over rotations of the circle (see [UllIS]), which 
correspond to surfaces oi g = 1. 

Let {•} denotes the fractional part, that is the periodic function of period 1 on 
R defined by {x} = a; if < a; < 1. 

Definition 1. We say that a cocycle : / — > M for an lET T'(7r.A) has logarithmic 
singularities if there exists constants , C~ G M, a € ,4, and g^^, : I ^ M. absolutely 
continuous on each la with derivative of bounded variation, such that 
(1.2) 

^{x) ^-Y^Ct log(|/|{(x - la)l\I\} - ^^d\mra - x)/\I\})) + g^{x). 

aeA aeA 

We say that the logarithmic singularities are of geometric type if at least one among 
C~_,, , and C~_i, , is zero and at least one among C"*".!, , or C'Li, , is zero. 

TTg (d) TTj (d) ° TTg (1) TTj (1) 

We denote by LG(UQ,g^/a) the space of functions with logarithmic singularities of 
geometric type. 



ERGODIC PROPERTIES OF INFINITE EXTENSIONS OF AREA-PRESERVING FLOWS 5 

Cocycles in LG{Uai£Ala) appear naturally from extensions of locally Hamiltonian 
flowfQ, see ^ Notice that the coefficients can have different signs (while iiip > 
is the roof function of a special flow, all constants are non negative). 

If / G LG{\Ja£Ala) has the form (jl.2|) we say that the logarithmic singularities 
are symmetric if in addition the constants satisfy 

(1-3) E^"-E^"=o- 

We will denote by LSG{\JaeAla) the subspace of elements of LG{UaeAla) which 
have logarithmic symmetric singularities. The definition (jl.3p of symmetry appears 
often in the literature, for example in [271 IMl H5] . In this paper we need a more 
restrictive notion of symmetry: we give in i j2.3l the definition of strong symmet- 
ric logarithmic singularities (see Definition IH]) and we denote by LSSG(UQ,g_4/Q,) C 
LSG(UQg^/Q) the corresponding space of functions with strong symmetric loga- 
rithmic singularities of geometric type. Even if the notion of strong symmetric 
singularities is more restrictive than p.3p , it is automatically satisfied for functions 
which arise from extensions of locally Hamiltonian flows (see ij6.2p . 

We will restrict our attention to interval exchange transformation of periodic type 
(see |41p. which are analogous to rotation whose rotation number is a quadratic 
irrational (or equivalently, has periodic continued fraction expansion). The precise 
definition (also of hyperbolic periodic type) will be given in ij2.2l (Definitions [3] 
and 13]). The class of hyperbolic periodic type lETs arise as Poincare maps of area- 
preserving flows (0t)teR of hyperbolic periodic type. 

Our main result in the context of skew products over lETs is the following. 

Theorem 1.2. LetT be an interval exchange transformation of hyperbolic periodic 
type. For every cocycle ip for T with Lp g LSSG(UQg_4/Q) such that ■^{p) ^ 
(i.e. with at least one logarithmic singularity) there exists a correction function x, 
piecewise constant on each la, such that the skew product T^-x ergodic. 

Let us remark that the correction x belongs to a finite dimensional space and 
cocycles for which x = are the natural counterpart, at the level of lETs, of the 
subspace K in Theorem 11.11 A similar correction procedure was introduced in |31| 
to solve the cohomological equation for lETs. 

1.2. Methods and outline. Let us first recall that definition of special flow and 
explain how Theorem 11.11 is related to Theorem 11.21 

Definition 2. The special flow T'^ build over the base transformation T : {X,ii) — >■ 
{X, ji) and under the roof t : X R+ is the quotient of the unit speed flow 
Vt{x,y) = {x,y+t) on X X R by the equivalence relation (x, y-t-r'^") (x)) ^ (T"(x),y), 
n e Z. 

Theorem 1.3. Let f : S ^ be a "if '^^'^ -function and {(l)t)tes. be a locally Hamilton- 
ian flow with no saddle connections. The extension (<I>f )tgK is measure-theoretically 
isomorphic to a special flow built over a skew product T^j for an lET T where 
(ff = (p}j:-\- ip'j: and (^y- e LSSG(UQg_4/Q) and ip'j is absolutely continuous on each 
la with {ipjy e LSSG(Uae^/a). 

If additionally we assume that {(f)t)ti£R is a locally Hamiltonian flow of hyperbolic 
periodic type, then we can choose T to be an lET of hyperbolic periodic type and 
iff e LSSG(U„e^/„). 



The condition on constants which are zero, which seems rather technical, is automatically 
satisfied by functions which have this geometric origin. This condition is used in the proof of 
ergodicity (see Lemma l3.2l and Lemma l5.7t . 
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Theorem 11.31 allows to reduce Theorem 11.11 to Theorem 11.21 While the fact 
that i<^{)tm can be reduced to a skew product T^^ where ipf has logarithmic 
singularities is rather known, we need to show that ipf has the precise form given 
in Theorem I l.tffl . 

In order to prove ergodicity of the skew product in Theorem 11.21 we use the 
technique of essential values, which was developed by K. Schmidt and J. -P. Conze 
(see for example [401 IB]). We recall all the definitions that we use in ti2.1l To control 
essential values, we investigate the behavior of BirkhofF sums (^^"^ (defined in p.ip *) 
of a function (p G LG{UaeAla)- As a standard tool to study Birkhoff sums over 
lETs, we use Rauzy-Veech induction, a renormalization operator on the space of 
lETs first developed by Rauzy and Veech in [351 US] (see ti2.2l) . In order to prove 
ergodicity, we need to show that the Birkhoff sums are tight and at the same time 
have enough oscillation (in a sense which will made precise in ^ on a subsequence 
of partial rigidity times {nk)keN for the lET (defined in ti5.ip . 

It is in order to achieve tightness (see ProDOsition l5.9l) that we need to correct the 
function (y9 by a piecewise constant function x (see the statement of Theorem 1 1.2p . 
The idea of correction was introduced by Marmi, Moussa and Yoccoz in order to 
solve the cohomological equation for lETs in the breakthrough paper [31 1. The 
correction operator that we use is closely related to the correction operator used by 
the first author and Conze in |7j. The additional difficulty that we have to face to 
achieve tightness is the presence of logarithmic singularities. Here the assumption 
that the singularities are symmetric is crucial to exploit the cancellation mechanism 
introduced by the second author in |3S] in order to show that locally Hamiltonian 
flows are typically not mixing. 

On the other hand the presence of logarithmic singularities helps in order to 
prove that Birkhoff sums display enough oscillation (see Corollarv l5.8l and Proposi- 
tion [STTUI). Our mechanism to achieve oscillations is similar to the one used by the 
second author in [44 to prove that locally Hamiltonian flows are typically weakly 
mixing, with the novelty that in this context we cannot exploit, as in [44J, that all 
constants are non-negative. 

Structure of the paper. Let us outline the structure of the paper. In ij2.1l we summa- 
rize the tools from the theory of essential values that we will use to prove ergodicity. 
In ij2.2l we recall the definition of Rauzy-Veech induction and give the definition of 
lETs of periodic type. The definition of cocycles with strong symmetric logarithmic 
singularities appears in ij2.31 where we also prove basic properties of these cocycles. 
In ^ we exploit Rauzy-Veech induction to define a renormalization operator on 
cocycles in LSSG. In ii3.2l we formulate results on the growth of Birkhoff sums 
based on the work of the first author in 05] • The correction operator, which is 
crucial to define the correction x in Theorem 11.21 is constructed in ^ In ^ we 
formulate and prove the tightness and oscillation properties needed for ergodicity 
and prove Theorem 11.21 The proof of Theorem 11.11 is given in ^ and, as already 
mentioned, exploits the reduction via Theorem 11.31 which is also proved in ^ (see 
also Appendix [B|) . 

2. Preliminary material 



^The reduction to ipf G LSSG(Utjg_47ci) when {<t>t)teli is of periodic type requires the proof 
that when the lET is of periodic type, a cocycle as ip^^ in Theorem 11.31 i.e. absolutely continuous 
on each la and with derivative (Vj)' G LSSG(U^gyi/a), is cohomologous to a piecewise linear 
function (see Proposition 16. 51 1 . 
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2.1. Ergodicity of cocycles. We give here a brief overview of the tools needed to 
prove ergodicity. For further background material concerning skew products and 
infinite measure-preserving dynamical systems we refer the reader to [I] and |40| . 

Two cocycles (p^ijj : X ^ R for T ; {X, fj.) — >■ (X, /x) are called cohomologous if 
there exists a measurable function g : X ^ M. (called the transfer function) such 
that 1^ = i^i -\- g — goT. li (p and ip are cohomologous then the corresponding skew 
products T^p and are measure-theoretically isomorphic via the maps {x, y) i— > 
{x,y -(- g{x)). where 5 is a transfer function. A cocycle 1^9 : X — > M is a coboundary 
if it is cohomologous to the zero cocycle. 

Denote by R the one point compactification of the group R. An element r G R 
is said to be an essential value of ip, if for each open neighborhood Vr of r in M and 
an arbitrary set B E B, IJ.{B) > 0, there exists n G Z such that 

(2.1) n{B n T-"S n{xeX : Lp^"-^ (x) G Vr}) > 0. 

The set of essential values of Lp will be denoted by E{p). Let £'(1^9) = R n E{(p). 
Then E{(p) is a closed subgroup of R. We recall below some properties of E(ip) (see 

EOl). 

Proposition 2.1 (see [40]). Suppose that T : {X,fi) — ^ (X,^) is an ergodic auto- 
morphism. The skew product is ergodic if and only if E{ip>) = R. The cocycle p 
is a coboundary if and only if E{ip) = {0}. 

Let {X, d) be a compact metric space. Let B stand for the cr-algebra of all 
Borel sets and let /j, be a probability Borel measure on X. For every B G B 
with fi{B) > denote by /is the conditional probability measure, i.e. /is (A) = 
/i(A n B)/fi{B). Suppose that T : {X,B,ii) {X,B,fj,) is an ergodic measure- 
preserving automorphism and there exist an increasing sequence of natural numbers 
(q„) and a sequence of Borel sets (S„) such that 

(2.2) ^(S„) ->(5 > 0, n{EnAT-^En) ^ and sup d(a;, r«".T) ^ 0. 

Let ip : X ^ Rhe a Borel integrable cocycle for T. Its mean value J-^ p dfi we will 
denote by ii{p). Suppose that fi{(p) = and the sequence ( J„ \ip^'^^'> {x)\dii{x) ) 

is bounded. As the the family of distributions {('/5^'^"-')»(a*h„) : n G N} is uniformly 
tight, by passing to a further subsequence if necessary we can assume that there 
exists a probability Borel measure 1/ on R such that 

(^(«"))*(msJ^;^ 
weakly in the set of probability Borel measures on R. 

Proposition 2.2 (see [7J). The topological support of the measure v is included in 
the group E{p) of essential values of the cocycle pi. 

The following result is a general version of Proposition 12 in |29j . 

Proposition 2.3. Let ip : X ^ R be a cocycle such that ( L \(p^'^"'> {x)\dii{x) ) 

is bounded, where (S„), (g„) and S > are as in i2.2\) . If there exists < c < S 
such that for all k large enough 

lim sup 

n— >-oo 

then the skew product T^ is ergodic. 



dii{x) 



< c 
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Proof. Let e : 



T stand for the character e{x) 



Suppose that cp is not 



ergodic, so by Proposition 12.11 E{ip) ^ M. Thus, since E{ip) is a closed subgroup, 
E{(p) — rZ for some r £ M. By Proposition l2.2l the hmit measure i' of the sequence 
(^^2 is concentrated on rZ, and hence is a discrete measure. It follows 
that the measure e*;^ on T is as well a discrete measure and hence it is a Dirichlet 
measure (see [T5]). Therefore one has 



limsup |e7i^(fc)| = 1. 

A:— f oo 



(2.3) lim sup 




— lim sup 




k^oo 






Jt 



By assumption, there exists ko such that 
lim sup / 



< c for fc > fco- 



It follows that for all k > ko, since c < S and /i(^„) — > (5, we have 



2'nikt 



^* dv{t) 



= lim 



lim — — 

n-)-oo ^(^„) 



contrary to (|2.3p . 



□ 



2.2. lET of periodic type. In this section we briefly summarize the Rauzy-Veech 
algorithm and the properties that we need later and we give the definition of lETs 
of hyperbolic periodic type. For further background material concerning interval 
exchange transformations and Rauzy-Veech induction we refer the reader to the 
excellent lecture notes |51l [5^ [55] . 

Let T be the lET given by (tt. A). Denote by 5^ the subset of irreducible pairs, 
i.e. such that tti o ttq^II, . . . ,k} ^ {1, . . . , fc} for 1 < fc < d. We will always assume 
that TT G SJ^. The lET T'(7r,A) is explicitly given by T{x) = x + Wa for x E la, where 
w ~ rijrA and is the matrix [^ap]a,P£A given by 



f 1 if 7ri(a) > and 7ro(a) < 7ro(/3), 

{lafi ^ { I if 7ri(a) < 7ri(^) and 7ro(a) > ■naiP), 
in all other cases. 

Note that for every a ^ A with 7ro(a) 7^ 1 there exists /3 G ^ such that 7ro(/3) ^ d 
and /q = r^. It follows that 



(2.4) 



{la : a e ^, 7ro(a) 7^ 1} = {r^ : a S ^, 7ro(a) 7^ d}. 



Let / (0, |/|] and by Ti^^^ x^ -.1^1 denote the exchange of the intervals := 
(/a. To], a e A, i.e. T(^_>)a; = x + Wa for x G (Zq, r^]. Let End{T) = r^, a G ^} 
stand for the set of end points of the intervals la : a £ A. 

A pair (tt. A) satisfies the Keane condition (see f26j) if Tj™ y^la 7^ for all to > 1 
and for all a, P E A with 7ro(/3) 7^ 1. 

Rauzy-Veech induction. Let T = T^^^^.X), (^j '^) ^ '^a ^ ^+ satisfying the 



Keane condition. Then A, 



7= 



. Let 



0,max(z^-i(^),?^-i(^)^ 
and denote by TZ{T) = T : I ^ I the first return map of T to the interval /. Set 

(2.5) e(7r,A) = J 



if 
if 
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AB CDEi AB C D F 



B ;A ''n. 



E , D": C , B , iA 



B . C D . E . . ^T^L ^ 4 C . 0„ 



-# 



eadcb edc ba 

(a) Case A^o > A^i or e{A,7r) = 0. (b) Case Xag < Xai or e(A, tt) = 1. 

Figure 1 . Rauzy Veech induction 

Let us consider a pair vr = (ttoiTTi) € 5^, where 
TTg^a) = 7re(a) for all a G and 

{TTi-e{a) if 7ri_e(a) < 7ri_e o 7r7i(d), 

7ri_e(Q:) + l if 7ri_e o 7r7i(d) < 7ri_e(a) < d, 
7ri_e7r7i(d) + 1 if 7ri_e(a) = d. 

As it was shown by Rauzy in [38j, T is also an lET on d-intervals 



T^T^^j^ with A = e-i(7r,A)A, 

where 

e(T) = e(7r,A) ^I + E^^.^,^^-r^^,^ G SL(Z-^). 



Moreover, 

(2.6) e*(7r,A) • • e(7r,A) = r2?F. 

It follows that ker fl-^ — 6(7r, A) ker fl^. Thus taking iJ^r = fl-niR'^) = ker f2;[r we get 
iJjf = 9*(7r, X)Ht^. Moreover, dim if = 2(7 and dim ker fi^ = k — 1, where g is the 
genus of the translation surface associated to tt and k, the number of singularities 
(for more details we refer the reader to [51]). 

The lET T fulfills the Keane condition as well. Therefore we can iterate the 
renormalization procedure and generate a sequence of lETs (7?,"(T))„>o. Denote 
by tt" = (7rQ,7r") e S\ and A" = (A^)^^^ respectively the pair and the vector 
which determine 7?." (T) . Then 7?." (T) is the first return map of T to the interval 
/" = [0, |A"|) and 

A = e(")(T)A" with e(")(r) = e(r) • e(7^(T)) • . . . • Q{n'''-\T)). 

We denote by — [/^, r^) the intervals exchanged by 7^"(T). 

Let T : / — > / be an arbitrary lET satisfying the Keane condition. Suppose that 
{nk)k>o is an increasing sequence of natural numbers such no = and set 

(2.7) Z{k + 1) := e(7^"'= (T)) • e(7^"''+\T)) • . . . • e(7^"'■■+l-\T)) 
Since A"'= = Z{k + l)A"''+i, if for each k < k' we let 

(2.8) Q(fc, fc') = Z(fc + 1) • Z(fc + 2) • . . . • Z(fc') 

then we have A"" = Q{k, k')X">'' . We will write Q{k) for Q{0,k). By definition, 
-^nfc, (T) : -> is the first return map of TZ"" (T) : I"" I"" to the interval 
jnk Q I^k' . Moreover, Qap{k, k') is the time spent by any point of I^''' in T^'' until 
it returns to . It follows that 

Qp{k,k') - Q"/3(fc,fc') 
is the first return time of points of to /"'=' . 
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In what follows, the norm of a vector is defined as the largest absolute value of the 
coefficients and for any matrix B = [Bap]a,fieA we set — max^g^ J2a€A 

lETs of periodic type. 

Definition 3 (see |3lJ). An lET T is of periodic type if there exists p > (called a 
period ofT) such that e(7^"+^'(T)) = e(7^"(T)) for every n > and A = A{T) := 
Q(p)(T) (called a period matrix of T) has strictly positive entries. 

Since the set is finite, up to taking a multiple of the period p if necessary, we 
can assume that ttP = tt. We will always assume that the period p is chosen so that 
TT^ = TT. Explicit examples of lETs of periodic type appear in [IT]. The procedure 
to construct them is based on choosing closed paths on Rauzy class and using the 
following Remark. 

Remark 2.4. Suppose that T — T(^tt.X) is of periodic type with period matrix A = 
e(P)(T). It follows that A = A"AP" e A"R^ and hence A belongs to n„>o ^"^^ 
which is a one-dimensional convex cone (see [IH])- Therefore A is a positive right 
Perron-Frobenius eigenvector of the matrix Q^p\T). It follows that (tt^, Ap/|A''|) = 
(tt, A/|A|) and |A|/|Ap| is the Perron-Frobenius eigenvector of the matrix A. 

Remark 2.5. lETs of periodic type automatically satisfy the Keane condition. In- 
deed, T satisfies the Keane condition if and only if the orbit of T under TZ is infinite 
(see [HI]) and lETs of periodic type by definition have an infinite (periodic) orbit 
under TZ. Moreover, using the methods in [17] (see also [SI]) one can show that 
every lET of periodic type is uniquely ergodic. 

Suppose that T = T(_^,x) is of periodic type and let A = e^P^T). By (1^ . 

— fijr and hence kerfijr = Akerfi^r and iJ^r = A^Ht^. 

Moreover, multiplying the period p if necessary, we can assume that AjkcrO^ = Id 
(see Remark 12.111 for details) . Denote by Sp{A) the set of complex eigenvalues of 
A, including multiplicities. Let us consider the set of Lyapunov exponents {log \ p\ : 
p G Sp{A)}. It consists of the numbers 

> 6*2 > 6*3 > • ■ • > 6*3 > = . . . = > -6*9 > . . . > -6*3 > -6*2 > -Oi, 

where 2g = dimiJ^ and occurs with the multiplicity k — 1 = dimkerr^Tr (see e.g. 
|54|). Moreover, pi := exp^i is the Perron-Frobenius eigenvalue of A. 

Definition 4. An lET T(^Tr,\) is of hyperbolic periodic type if it is of periodic type 
and A* : Hj^ — > H^^ is a hyperbolic linear map, or equivalently 0g > 0. 

Convention. When T is of periodic type, we will always consider iterates of TZ 
corresponding to the sequence {pk)k>o, where p is a period of T and A the associated 
periodic matrix, chosen so that vr^ = tt and A|kcrr2„ — Id. 

Definition 5. Suppose that T = T(^Tr,\) is of periodic type with period p and period 
matrix A = Q^p^T) as above. In this case we will denote by T^"') = (tt'*^), A^*-'') 
the lET 7^P'=(^), by /C^) = [0, |A'=p|) the interval on which T^'^) is defined and by 
Jq'^-' = [l^\r''a ^) the intervals exchanged by T^'^^ 

Convention. In the rest of the paper, when T is of periodic type, the matrices Z{k) 
and Q{k) will denote be the matrices associated to the sequence {pk)k>o by (|2.7p 
and (HIHl) respectively. Clearly Z{k) = A and g(fc, fc') = A'''-'' = Q{k' - k) for aU 
0<k<k'. 
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In the spirit of |49], we set I'liA) ~ ma.x{Aa^ / Ap^ : a, /3,7 G A}, i'2{A) — 
1^1 (A^) = max{Aja/ A^p : a,/3,7 £ A} and let h'{A) — niax{i'i{A),i'2{A)}. Since 
A^*^) = AA^'^+i) and for any fc > 1 we have Q{k) = Q{k - l)A, we have 

(2.9) !4^<|/W|<^(A)|4'=)|, 9M<Q^^k)<iy{A)Qpik) Va,/3eA 

From the above relation, it also follows that Rohlin towers have comparable areas, 
that is, since by Rohlin's Lemma and Pigeon Hole principle there exists /? such that 

Ql3{k)\lj^^\ > \I\/d, one has 

di.{Ay\m\ <Qo^ik)\l2'^\<\I^"^l forallaeA 

A bases for the kernel. Let p : {0, 1, . . . , d, d + 1} — > {0, 1, . . . , d, d + 1} stand for 
the permutation 

P^^> \ J if j=0,d+l. 

Following P5ll49| . denote hy a — cTt^ the corresponding permutation on {0, 1, . . . , d}, 

aij)^p-'{pij) + l)-lfoTO<j<d. 

Then 7'(7r,A)?'^-i(j) = ^('^,A)^^-i(aj) fo'' 7^ 0,p"i(d). Denote by I](7r) the set of 
orbits for the permutation a. Let Soli") stand for the subset of orbits that do not 
contain zero. 

Remark 2.6. If T is obtained from a minimal flow (0t)tgR on a surface S" as Poincare 
first return map to a transversal, then the orbits O G S(7r) are in one to one 
correspondence with saddle points of {(t>t)teR- Hence #E(7r) = k, where k is the 
number of saddle points of {(t>t)teR- 

For every O e S(7r) denote by b{0) G M"^ the vector given by 

(2.11) 6(0)„ = XoiMc^)) - Xo(^o(a) - 1) for a e A, 

where Xo{j) = 1 iff j G ^ and otherwise. Moreover, for every O G S(7r), we 
denote by 

(2.12) A^^{aeA,TTa{a)eO}, yl+ = {a G A 7ro(a) - 1 G O}. 

If a G Aq (respectively a G Aq ) then the left (respectively right) endpoint of la 
belongs to a separatrix of the saddle represented by O. 

Lemma 2.7 (see [49J). For every irreducible pair tt we have X]oes(7r) ^(^) ~ 
vectors b{0), O G 'Siq{tt) are linearly independent and the linear subspace generated 
by them is equal to kerfJjr. Moreover, h G if and only if {h, b{0)) = for every 
C'GS(7r). □ 

Remark 2.8. Let A'^ : R-^ — > M^"''^) stand for the linear transformation given by 
{K'^h)o = {h, b{0)) for O G So(7r). By Lemma = ker A'^ and if R-^ = F ® 
Ht^ is a direct sum decomposition then A'^ : F — )• R^f^^) establishes an isomorphism 
of linear spaces. It follows that there exists Kp > such that 

< ^i=^||A''/i|| for all heF. 

Lemma 2.9 (see PD|). Suppose that T^- — 7?.(T(„_>,)). Then there exists a bijec- 
tion ^ ; S(7r) — > T,(tt) that depends only on (tt. A) such that Q^tt, X)^^b{0) — 6(^0) 
/or OGS(7r). □ 
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Moreover, analyzing the explicit correspondence given by ^ (we refer the reader 
for example to the formulas in [M], §2.4) one can check that we have the following. 
For V — 0,1, let a^j G A he such that 7ri,(ai,) = d. Define the orbits Oo,Oi S S(7r) 
(where possibly Oq — Oi) as follows. Let e = e(7r, A) is as in (j2.5p and Let G 
S(7r) such that d g O^. Remark that ao,ai G since 7ro(ao) = 7ri(ai) = d G O^. 
Let Oi-e be such that ai_e G -^Oi- ■ Denote by Aq, O G S(7r) the corresponding 
sets for the pair tt. 

Lemma 2.10. For each O G I](7r), = i^or eac/i O ^ {Oo,Oi} or 

j/O = Co = Oi; i^en A'^^^ = ^o- V C>o di, then A^^^ A^^\{ae} and 

An example of these correspondence of orbits is illustrated in Figure [1] 

Remark 2.11. If T is of periodic type, let us r emarkthat ^(TrC^)) = E(7r('''')) = T.{tt) 
for every fc' > fc > 0. Up to replacing the period p by a multiple, we can assume 
that Q{k, k')h{0) = h{0) for each O G ^(TrC^)) and < fc < fc'. 

2.3. Cocycles with logarithmic singularities. Denote by 'SViUaeAl'a'^) the 
space of functions ip : I^^^ M such that the restriction ip : I^^ — K is of bounded 
variation for every a G A. Let us denote by Var(/)|j the total variation of / on 
the interval J C I. Then set 

(2.13) Yai ip^Y^ Var{ip)\j(k) . 

The space BV(lJQ,g_4/i'^^) is equipped with the norm ||iy9||BV = ll<<3|lsup + Varies. 
Denote by 'BYQ{Ua^_A^l!^^) the subspace of all functions in 'BY{Ua£Ala'^) with zero 
mean. 

For every function ip G BV(Uq£_4/q,) and x G / we will denote by </3+(x) and 
ip- {x) the right-handed and left-handed limit of iy9 at x respectively. Denote by 
AC(U gaIo) the space of functions p : I M. which are absolutely continuous 
on the interior of each la, a £ A and by ACoiUaeAla) its subspace of zero mean 
functions. For any (p G AC(UQg_4/Q) let 

s{ip)^ / p:>'ix)dx ^ "^(ip^ira) - (p+iD). 

•'^ aeA 

Denote by BV^(UQ,g^/Q,) the space of functions tp G AC{UaeAla) such that ip' G 
BV(UQ,g_4/Q,) and by WV^{\Ja^Ala) its subspace of functions (p for which s{ip) = 0. 

Theorem 2.12 (see [3T] and [32]). IfT -.1^1 satisfies a Roth type condition then 
each cocycle ip G BV^(Llag^/Q) for T is cohomologous (via a continuous transfer 
function) to a cocycle which is constant on each interval la, a € A. Moreover, the 
set of lETs satisfying this Roth type condition has full measure and contains all 
lETs of periodic type. 

The prove of the above result is based on the following conclusion from the 
Gottschalk-Hedlund theorem (see §3.4 in [32]). 

Proposition 2.13. IfT satisfies the Keane condition and ip> G ACo(LJQ,g^/a) is a 
function such that the sequence (<p^"-*)n>o is uniformly hounded then ip is a cobound- 
ary with a continuous transfer function. 

Denote by PL{lJaeAla) the set of functions </?:/—> E such that (p{x) — sx + Ca 
for X E la- As a consequence of Theorem 12 . 1 2 1 we have the following. 



ERGODIC PROPERTIES OF INFINITE EXTENSIONS OF AREA-PRESERVING FLOWS 13 



Corollary 2.14. // the lET T : I I is of periodic type then each cocycle Lp G 
BV^(UQg^/c() is cohomologous (via a continuous transfer function) to a cocycle 
ippi e PhiUaeAla) with s{ippi) = s{ip). 

In the Introduction ^ we defined the space LG(UQg^/Q) of functions with 
logarithmic singularities of geometric type (see Definition [1]) and the subspace 
LSG(UQg^/Q) of symmetric logarithmic singularities of geometric type, which sat- 
isfy the symmetry condition (|1.3p . We denote by LGo(UQg_4/Q) and LSGo{LiaeAla) 
the corresponding spaces of functions with zero mean. 

Definition 6. A function ip G LG(LJQg_4/Q) of the form (|1.2p has strong symmetric 
logarithmic singularities if for every O G S(7r) we have 

(2.14) E - E = 0' 

where , Aq are the sets defined in (|2.12p . 

Denote by LSSG(UQ,g^/Q,) the space of functions with strong symmetric log- 
arithmic singularities of geometric type and let LSSGq := LSSGnLGo- Clearly 
LSSG(UQg^/Q) C LSG(UQ,g^/Q,) since the condition (|2.14p implies the weaker sym- 
metry condition (II. 3p by summing over O G S. Strong symmetric singularities of 
geometric type appear naturally from extensions of locally Hamiltonian flows, see 
^ This stronger condition of symmetry is important in the proof of ergodicity. 

We will also use the space LG(UQ,gyi/Q,) = LG(UQg_4/Q) + BV{Lia^_Ala) (re- 
spectively LSSG(Uag_4/Q) = LSSG(UQg^/a) + BV{Ua<zAla)), i-s. the space of all 
functions with logarithmic singularities (respectively strong symmetric logarithmic 
singularities) of geometric type and zero mean of the form (|1.2p for which we require 
only that g^, G TiV{Lia£Ala)- We will denote by LGo and LSSGq their subspaces 
of zero mean functions. 

Note that the space BV (BV^) coincides with the subspace of functions ip G LG 
(LG) as in (fT^ such that = for all a € A. 

Definition 7. For every ip G LG(UQg^/Q) of the form p.2p set 

i^(^) = E(l^"l + I^"l) i^r(^) :-if(^)+Varg^. 

aeA 

The quantity ^y{ip) will play throughout the paper an essential role to bound 
functions LG, since it controls simultaneously the logarithmic singularities, through 
the logarithmic constants JC{ip), and the part of bounded variation. 

The spaces LSSG(UQ,g_4/c) and LSSGq (LlQg,^/^) equipped with the norm 

become Banach spaces for which LSSG(UQg_4/a) or respectively LSSGo(LJQg^/Q) 
are dense subspaces. 

For every integrable function f : I ^ R and a subinterval J C / let m(/, J) 
stand for the mean value of / on J, this is 

m{f, |7[ •^'^^^ 

Proposition 2.15. If (p E LG{\JaeAla) o-nd J C la for some a € A then 

(2.15) |m((p, J) ~ m((p, /„)| < ^r(^) {a + 
and 

(2.16) ^ W{x) - micp, J)\ dx < S^'fiip). 
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The proof of Proposition 12 . 1 51 is elementary, but we include the proof for complete- 
ness in Appendix [XI 



Definition 8. For every ip G LSSG(Uc(g_4/Q) and O G S(7r) set 



0{ip) ^ lim^ ^ ip{ra-x)- ^ ip{la + x) 

\aeA,TTa{a)eO aeA,-iTo{a)-leO 

In order to prove that 0{ip) is finite, we need the strong symmetry condition (j2.14p . 



Lemma 2.16. For every (p e LSSG(LJc(g_4/Q) and O G S(7r), 0{lp) is finite. More- 
over, if (p (z LSSG(Uc(£_4/ct) then 

\Oi^)\ <2diyiA)^ [ \^{x)\dx + 2d^r{ip). 

m J I 

Proof. Let a := min{|/Q| : a G A}/2. Then for x G (0, a) we have 

(p{ra - x) ^ -C^ log(a::) + g^{x) and (p{la + x) = -C+ log(a;) + g^{x), 

where : [0, a] — M is of bounded variation for a £ A. Therefore, using the 
symmetry condition (|2.14p 

A{x):= ^ ip{L + x) = - ^ C" log(x) + ^ g-{ 

qG^o- Q,g_4+ ae^o qS^o 



It follows that 0{lp) is finite and given by 

(2.17) O(^)=A+(0)= ^ (5a)+(0)- E (5a)+(0). 

Suppose now that ip G LSSG(UQ,g^/Q,) is of the form p.2p . Then 17^ are absolutely 
continuous and |(g+)'(a;)| < =§f(¥')/a + [^^(^c + a;)| and < ^(v3)/a + 

|g^(rQ, — x)!, and hence 

|A'(x)| < + EdsU^c + x)| + |g;(r„ - x)|) for x G [0,a]. 

aeA 

Therefore, for x,?/ G [0,a], 

|A(x) - A{y)\ < 2d^i^) + E ( + + T Is^K - OM^) 

(2.18) <2dif(^)+^( /■'°^"|g;(i)|dt+ r° 

< 2dif ((^) + \g'^{t)\dt = 2d.^{ip) + Var5^. 
Moreover, using the definition of a and (I2.9p . one has 

|m(A, [0,a])| < ^ |m(((5, [ra,ra - a])| + ^ |to((^, + a])| 

< - / \ip{x)\dx <2dv{A)^^ [ \Lp(x)\dx. 
a J I \I\ J I 

In view of the previous equation and (|2.18l) . it follows that for all x G [0, a], 

|A(x)|< sup |A(x)-A(j/)|+TO(A,[0,a]) < ^"^^^ ( \^{x)\dx+2d^{^)+\&v g^, 
ye[o,a] ji 
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which completes the proof. □ 
Remark that if ip e BV{lJaeAla) and O G S(7r) 

(2.19) 0{ip)^ J2 ^-(^")- E ^+('")- 

Hence, Definition |S] extends the definition of the operator O used by [JTJ for G 
BV{UaeAla)- Moreover, if e AC{UaeAla) then 

(2.20) o(^) = E^-(^")-E^+('") = ^(^)- 

Oe'S{Tr) aeA aeA 

Remark 2.17. If we identify the piecewise constant function h{x) = haXid^) 
(where xia the characteristic function of la) with the vector h = {ha)aeAi note 
also that 

0{h)= Y E K = Y.^xo{Mo'))-xo{Ma)-i))K = {h,b{0)). 

TTo(a)eO TtQ(a)-leO aeA 

where 6(0), O G E are the vectors defined in (|2.1ip . In particular, Lemma [2.71 
can be restated saying that the vector h E H-^ if and only if for the corresponding 
function h we have 0{h) = for every O G ^(vr). 

3. Renormalization of cocycles 

Assume that T is of periodic type and recall that we denote by T^'^^ = TZ^'''{T) 
the sequence or Rauzy iterates corresponding to multiples of the period p > 0. 

Remark 3.1. The definitions and Lemmas in ij3.1l hold more in general for any lET 
satisfying the Keane condition and any subsequence (T^'"'))/j>o which is of the form 
(7^"'=r)fe>o for some subsequence (nfc)fc>o of iterates of Rauzy- Veech induction. 

3.1. Special Birkhoff sums. For every measurable cocycle (p : /^'^^ K for the 
lET rC') : /C^') ~> and k' > k denote by S{k, k')ip : /C^'' M the renormahzed 
cocycle for T'^^ ^ given by 

S{k, k')ip{x) = Y viiT<^'"^yx) for X e 

0<i<Qi3(k,k') 

We write S{k)ip for S{0, k)ip and we adhere to the convention that S{k, k)ip — ip. 
Sums of this form are usually called special Birkhoff sums. If ip is integrable then 

(3.1) ||5(fc, fc')¥'llLi(/('=')) < I|¥'IIli(/('=)) and 

(3.2) / S{k,k')p{x)dx ^ ip{x)dx. 

Note that the operator S{k,k') maps LG(UQ,g^/i'^'') into LG(UQg^/a'^ ''). In view 
of p.2p . S{k,k') maps the space LGo(LlQ,g^/i'^^) into 'LGo{UaeAla' More- 
over, we will show below fLemma 13. 3p that it also maps LSSG(UQg^/Q'^'') into 
LSSG(U„e^/i'=')). If g e BV(U„e^/i'=)) then 

(3.3) VarS'(/c,fc').g < Varg. 

The following three Lemmas (Lemma 13.21 13.31 and 13.41) allow us to compare the 
singularities of S{k, k')ip with the singularities of p. Here the assumption that ip is 
of geometric type plays a crucial role, since functions with symmetric singularities 
not of geometric type are not renormalized by the operation of considering special 
Birkhoff sums. 
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Lemma 3.2. For each k' > k > and for each ip G ljG{Uatzj^l'"a^) of the form 

</iere exists a permutation x '■ ^ ^ such that 

5(fc,A'Mx)=-5]C7+log(|/('=')|{(a;-e'))/|/(^-')|}) 

w/iere 5 G BV\UaeAla"^)- In particular, ^{S{k,k')ip) = ^{ip). 

Proof. We will prove the Lemma for special Birkhoff sums corresponding to one 
single step of Rauzy induction. The proof then follows by induction on Rauzy 
steps. Let ao := TrQ^{d) and ai := TTi^{d). Let write C~ ~ {C^)aeA for the vector 
in whose components are the constants C~ . For v ~ 0,1 let 

= {C- = (C-UeA e K-^ : C'^ = 0}. 
Let us consider R : U G^^ ^tz(tt^\) given by 

Cc^o+C-^ if a = ai-e(.a), 

if a = ae(7r,A)- 

Recah that for (tt^A^) = TZ{tt,X) we have '''^(^^^^(^^(^^a)) = T^e{Tr,x){ae{7r,\)) = d, 
so i?(C-) e G^[^-^^). If 9? e LG(U„e^/„) is of the form 

ip{x) ^-Y.{C+ \og{\I\{{x - + C- log(| J|{(r„ - 

then since the singularities are of geometric type, — {C'^ )a^j( G for 
some u = 0, 1. Denote by S^tp the special Birkhoff sum corresponding to one step 
of Rauzy- Veech induction, given by 

(3.5) S'p{x)^ J2 viT\x)), for a; € /I. 

o<j<e(T)^ 

Analyzing the effect of one step of Rauzy induction, one can then verify that 

(3.6) S'^{x)=-Y, {Ct\og{\l'\{{x-li)/\l'\}) 

a^A 

+ R[C-)M\l'\{{ri-x)/\I^\)))+g,{x), 

where gi € BY^{UaeAla)- Figure [5] For u = 0, 1, define the permutation 
X(.,A) : ^ ^ ^ by 

X('7r,A)("£(7r,a)) = "t; , X('7r, A) ) = "l-iJ, X('7r,A) (") = " fo^' " ^ {ao,ai}. 

Remark then that since ip G G'^, a^, G {ckq, ai} is such that — 0. Thus, one can 
verify that R{C^)a = C^i \ for all a E A. For < k < k' and 93 G G*^, if we denote 
by £j = e{TT^ , A-'), we can let x ■— x"{k, k') : A ^ A stand for the permutation 

X ■— X K j — X(^pfc Apfc) ° X(^pfc + l,APfe+i) ° ■ ■ ■ ° X(jrPfc'-i,AP'''-i)' 

Then one can prove by induction on Rauzy steps that Rp^'' ^'^\C^)a — C^, >. 
This together with p{k' — k) iterations of (|3.6p concludes the proof. □ 

Consider the operator 0{p) defined in Definition |51 
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c^,c-, + c- 



1 1 


1— 




1 — 1 1 


la, 






1 Qo 






Co- = 














1 




(a) Case Aqo > or e(A,7r) = 0. 



R(Ca" ) = 

(b) Case Aqq < \ax or e(A,7r) = 1. 



Figure 2. Renomalization of functions with logarithmic singu- 
larities of geometric type. 



Lemma 3.3. For each k' > k > the operator S{k,k') maps ljSSG(Uae aIo^^) 
r('=')^ 1 T cQr</i I . rC^h »^-f„ i QQnti I _ . 



into LSSGiUaeAla ') and LSSG(U„e^/rO into LSSG(U„e^/r 
every ip € hSSG{UaeAla^) and O G S(7r), we have 0{S{k, k')ip) 



Moreover, for 
Oiip). 



Proof. Let T — Tt^^x, f G LSSG(UQg^/Q) and consider the special Birkhoff sum 
Ip = S^if given by one step of Rauzy-Veech induction (see p.Sp ). Let ^ be the 
correspondence between E(7r) and S(7r^) given by Lemma [2.91 and let O € 



E(7r), the sets defined in (|2.12p and A^, O € Tj{'k^), the corresponding sets for 



(i,A) = (7ri,Ai). 
(3.7) 

(3.8) 



We will show that 



E 



c- 



E 

E ^(^^)^ 



aeAc 



where R is the operator defined in (|3.4p in the proof of Lemma 13.21 Since by p.6p 
the logarithmic constants for S^ip are the ones which appear in the right hand 
side, these two equations show that if the symmetry condition (I2.14p holds for Lp 
for all O G 5](7r), since ^ : S(7r) — > S(7r^) is a bijection, the symmetry condition 
holds also for S^(p for all O £ Y,{tt^). By induction on Rauzy steps, this shows 

that S{k,k')ip e LSSG(U„e^/^'''^) for each k' > k. Let us prove ([331 Since 
A^^ = A'^ by Lemma [^TTUl (P?7| holds trivially. From the definition ([^ of R, 
one immediately sees that if C is a subset such that either {ao, ai} C A' or 
{ao,ai} n ^' = 0, then Y^aeA' - Y^aeA' = 0- Since {ao,ai} C yl^^ 

(recall that 7ro(Q;o) = t^i (cti) = d G Of by definition of Oe) and thus {ao, ai}n,4(Jj = 
for all O 7^ it follows that 



E 



aeA^ 



E 

aeA, 



RiC-)a = for each O £ E(7r). 
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Thus, p.8p holds also for O E {Oq, Oi} (where Oq, Oi were defined before Lemma 
I2.10p or if O = Oq = C'l, since in these cases by Lemma [2.101 we can have Aq = 
A^Q. Thus, we are left to consider the case in which O ^ {Oq, Oi} and at the same 
time Oq ^ Oi. In these cases, since by Lemma [2.101 we have A^q — Aq \{ae] 
and A'^Q_^_ — Aq_^_^ U {cke}, we can add or subtract R{C~')a^, which by p.4p is 
equal to zero, to get respectively 

E C-- E ^(c*")"- E (c--i?(c-)„)-i?(c-)„, =0, 

which concludes the proof of p.Sp . This, together with Lemma [3.21 is enough to 

conclude that S{k, k') maps the space LSSG(U„g^/*i''^) into LSSG(U„e^/i'''^) and 

LSSGiU^e aIL^^) into LSSG(U,e^/i'='^). 

Assume now that ip e LSSG(Ucg_4/Q'^''). Let us now prove that for each O € 
S(7r), we have {£^0){(p) = 0{(p), where ^ is the bijection given by Lemma 12.91 
Let , a E A, he the absolutely continuous functions defined as in the proof of 
Lemma [2. 161 Similarly, define also for if = S^ip the absolutely continuous functions 

g~ix) -.^ f>{ri - x) + RiC-)a,logix), g+{x) -.^ ^{li + x) + C+ logix) . 

In virtue of (|2.17p and the analogous equality for [p, to prove that (^0)(^) = 0{(p) 
it is enough to prove that 

(3.9) E 9aiO)~ E 91(0)- E 5c:(0)- E 9liO), 

aS^g aS^J ctS^^g qG^^q 

where Aq are the sets defined in (|2.12p . The analysis of one step of Rauzy-Veech 
induction shows that for all a ^ ao,ai, we have g^i^) = 5a(^)i while for a G 
{ao,ai}, if £ = £(7i', A) (see (|2.5p ). we have 

liM^gtM), _ l-Jx)^poT-^{\X^\~x); 

5i_,(a;) =5i_.(2:) + '^°r ^(l^^l+a^), da^^Ax) ^ 9ai^,{x) + g^^{x). 

Combining these expressions with the relations between Aq and A^q given by 
Lemma [2. 101 and recalling the definition of Oi and O2, one can verify case by case 
that (|3.9p holds and thus {£^0){(p) = 0((p). By induction on Rauzy steps and in 
view of Remark [inl and one gets 0(5(fc, k')ip) = 0{ip). □ 

The last lemma allows us to keep track of how discontinuities of T^*' ^ are related 
to discontinuities of T^'^). Let 4''^ := (4''V^('^) and a['''^ := (7rfV^('^)- 

Lemma 3.4. For each k' > k > 0, for each a Cz A, we have 

(3.10) e {(r(^-))^ < J < g„(fc,fc')}. 

Moreover, if x ■ A A is one of the permutation^ given by Lemma 

(3.11) r<2,^ e {{Ti^^yri^'K 0<j< Q„(fc, k')} ^f a ^ 



^Let us point out that there are two permutations x = X^(.k!^')j X = X^{^:^')^ given by 
Lemma 13.21 In Lemma l3.2l we are given tp S LG and if C~ € G" (see Lemma l3.21 the function 
X for which the Lemma hold is x" ■ On the other hand, both x = X^i^^^^')! X = X^i^t^') satisfy 
the conclusion of Lemma l3.4l 
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while there exists a* £ ^ \ ja'^'i^ i., , , ,,| such that 

(3.12) r%,r% G {(fW)^^^:'), < j < Q„(fc,fc')}- 

Moreover, if C^, s ^ then a ^ a*^^ ,, , , ,, and i3.11\} holds. 

Proof. Let us prove the Lemma for one step of Rauzy induction. We refer the 
reader to Figure [T] Let x ^ X(Tr,X).v : .4 — > ,4 by the permutation for one step 
of Rauzy- Veech induction defined in the proof of Lemma 13.21 Let e — £(7r, A). 
Then x(Q^e) = olv- By tlie definition of Rauzy- Veech induction, if l\ and r]^ denote 



ai- 



the endpoints of = Ti-{T), we have la — 1^ for a ^ ai_e and lai_^ — T'^l^ 
Moreover, — r^ for a ^ ao, ai, and rag = Tr\^_^ , r^^ = '"ai_e • Since Q{T)a ~ 1 
for a 7^ ai-e and 0(T)q,j_^ ~ 2, it follows that for every a € we have la — TH]^ 
for some < j < 0(T)ct and for every a ^ (equivalently xl*^) 
have ^^(q) = T^r\ for some < j < 0(T)q. Moreover, Tq,^, = foi' some 

< j < 0(T)q', where xl*^') — cti-^,. The proof of the formulas in the Lemma 
then follows by induction on Rauzy steps. We are left to prove the last remark. 

If C~ „ ^ + then since Rp'-'''-''^ (C-)a = C'n . (see the end of the 

X («-',«- ) (a) ' ^ ^ X )(") ^ 

proof of Lemma [X^ also RP^^'^^\C^)a 7^ 0. Since RP^^'^^) maps the space 
^ ^(^(fc),A(fc)) '^(ttC'' ' which is the space of functions with 
Rp(k'-k)t(j-\ = 0, this shows that a 7^ a'*'' \, , , □ 

Remark 3.5. Even if T is of periodic type, we cannot, up to replacing p by a 
multiple, assume that R : R-^ R-^ and x : -4 ^ are the identity maps. This 
can be assumed, though, if we replace T by TZ{T). 

3.2. Cancellations for symmetric singularities. The following property of co- 
cycles with symmetric logarithmic singularities was proved by the second author in 
[15] (see Proposition 4.1) and will play a crucial role to renormalize cocycles with 
symmetric logarithmic singularities and in the proof of ergodicity. 

Proposition 3.6 (145J). Let n £ S^. For a.e. A € |A| = 1 there exist a 

constant M and sequence of induction times {nk)keN for the corresponding lET 
T^TT.x) such that for each ip G LSG(Uq(=_4/q) with g'^ — 0, whenever x € for 
some k > and < r < Qp{nk), we hav^ 



(3.13) 



(^')'^H-)-E^ + E^ 



< M^{(p)r, 



where and are the closest points respectively to la and r^, which, denoting 
by {x)^ the positive part of x (i.e. (x)^ ~ x if x > and (x)^ — oo if x < 0, so 
that if X < then l/{x)~^ is zero) are given by 

0<t<r 0<i<r 

Remark 3.7. One can check that if T is of periodic type, the estimate in Propo- 
sition [221 holds and furthermore one can take as (nk)keN simply the multiples of 



■^In the statement of Proposition 4.1 45 , only ip^^'>(x) appears in the absolute value, while 
^asA ^^'^ Eagyi appear as bounds. In the proof, though, the contribution of the closest 
points is subtracted first and the statement here given is proven. The explicit dependence of the 
constant M in Proposition 4.1 [45 on (via ^{ip)) can also be easily extrapolated from the proof. 
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a period of Rauzy-Veech inductiorH, i.e. one can take = pk where p is the pe- 
riod. Moreover, the constant M depends only on the period matrix of Rauzy Veech 
induction. 

In virtue of the Remark, applying the estimate p.l3p to each renormalized iterate 
of Rauzy-Veech induction for a lET of periodic type, we get the following. 

Corollary 3.8. // T is of periodic type, there exist a constant AI such that the 
following hold. For all < k < k' for each ip G LSG(UQ,g^/i*^'') with g'^ — 0, 

whenever x ^ ^ 



(3.14) 



e , /3 e v4 and < r < Qpik, k'), we have 

c+ ^ c- 



0<j<r aeA 

where (x^)''^'-' and (a;^)^'^-' are given by 



E 



< 



■M^{ip)r, 



min ((rW)*a; - 1^^^) + , (O^^) = min (r^ - (TW)^a;)^ 

0<i<r Q<i<r 



Proof Let us denote by T^*"^ : ^ /(o) = [0, 1)) the normahzed lET 

associated to T^^), i.e. T^'^K = l/C^'^f V('=)(|/(''')|a;). As T is of periodic type, 

T^''^ = T. Let us consider ipk ■ /^"^ ^ K given by V3fe(j;) = (p{\l'-''^x). Then 

one can check that ipk G LSG(UQg_4/Q°'') with Ji'{(pk) — -^{^p) and g' = 0. By 



Proposition 13.61 and Remark 13.71 whenever y £ l'^^ (3 E A and < ?' < 
(5/3 (fc — k'), we have 



(3.15) 



Fix X e if'^ and < r < Qp{k,k') = Q^(fc - fc'). Since I'i^ = j/^^'^l^a, ri' 
\I^^''\ra for aU a e and j > 0, we have y := x/\l'^^^ \ e / 



< M^{ip)r. 



„0") 



(k'-k) 



and 



- = |/W|((r^"^)»y - ?,), - (T('=))*x = |/('=)|(r„ - (T^'^^)- 

Therefore, \l''^^yi = (a:^,)^^) and j/^'^^ly^ = As (^^(y) = [/C^) [(^'(l/C^) |y) 

|/('=)|(^'(a;), in view of it follows that 



5: ^'((tW)^.)-^: 

0<j<r Qe.A 



E 

0<j<r 



v'kiiT^'^yy) 



-E 

aeA 

E 



(x^)('=) 



which completes the proof. 



E 



< 



M^{ip)r 



□ 



Let us show that functions with logarithmic singularities of geometric type be- 
have well under the renormalization given by taking special Birkhoff sums. 



The interested reader can patiently go through the definitions of further accelerations of 
Rauzy-induction in 1451 which lead to the construction of sequence (nj-jfegfj in Proposition 13.61 
and check that if T is of periodic type the period multiples satisfies all the assumptions without 
need of extracting subsequences. 
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Proposition 3.9. // T has periodic type then there exists c > such that if ip (z 
LSG(UaeAla^) and 



^(:r)=-^(C+log(|/W|{(x-ZW)/|/W|})+C-log(|/W|{(rW-:r)/|/W|»^ 

aeA 

then for every k' > k we have S{k, k')ip = Jp + ip, where 

Tp{x)^~Y. {ct\og{\i^^'M{x-ify)i\i^^'^}) 

(3.16) 

+ C;(„)log(|/(^-')|{(rf)-x)/|/('=')|})), 
X '■ A A is a permutation and ip G BV"'"(LJcg_4/i'^ with ||i^'||sup < I^^O | • 



Proof. Let x '■ A Ahe the permutation given by Lemma 13.21 If ip is defined by 
p.l6p . Lemma [321 gives that S{k, k')ip = Tp + ip where (p e JiY^{UaeAla' ■*) (where 
ip is the g in Lemma 13. 2p . Thus, we need to estiniRte ||'/^'||sup- 

By differentiating 

if = S{k, k')(p — "ip, we have 



(3.17) lp'{x)^S{k,k')^'{x)-Y, 



C+ 



E 



c. 



From Corollary [Ml if a; G if'^ then 



(3.18) 
where 



aeA ^ aeA ^ 



< 



a<i<Q^(k,k') 



((TW)^:r -?«)+, (x^) 



(fc) 



0<i<Qlj{k,k') 



M^{^)Qp{k,k') 

(rW - (rW)'a;)+. 



Recall that, by (EH), \ > \I^'''^\/diy{A) for any symbol /3 G ^ and from (j^JU)) 

(3.19) |/(^-')|Q^(fc,fc')< 
Let us now show that for each a G .4, 



(3.20) 



(3.21) 



< 



X(a) 



2di^{A)^{if) 
2dzy(A)^((p) 



< 



By p.lOp in Lemma for every a & A there exists < ja < Qa{k,k') such 
that {T'^'^^Y'-l^a"^ = Assume that x G /^'''^ Since the iterates (tC^))^ for 

< j < Qp{k,k') each belong to a T^/^'^ which, for the j considered are all 
disjoint, we have that 



(4) 



0<i<Q^(fe,fc') 



((r«)*x-;)j'=V = (rW)^'^x-;Jj'=^ 



Moreover, since {T^^^y^ is an isometry on J^*^ 

(Z)« = (rW)^'^x-(T('=))J''^;f ^ = x-zf' - |/("')|{(x-;f 



22 



K. FR4CZEK AND C. ULCIGRAI 



which shows that in this case the left hand side of (|3.20p is zero and p.20p holds 
trivially for a — jS. Consider now a G A\{I3}. Since only (T^*^))^"/^'"'^ contains l^J"^ 
as left endpoint and it is disjoint from (T'^'^^)^/^'^ for < j < Qp{k, fc'), we have 

that both \I^^'^\{{x-l'i"')l\I^^'^\} and are greater than > j/C^') 

This concludes the proof of the upper bound in (|3.20p for all a ^ A. 

To prove p.2ip , recall that Lemma 13.41 also gives that whenever C^, > ^ 

(3.22) r^^l^ e {(fW)^V.f ), < J < Q„(fc,fc')}. 

Thus, when C~, 7^ 0, (I3.2ip can be proved using p.22p in a completely analogous 
way. On the other hand, if C^, s — 0, there is nothing to prove, since the left hand 
side of (j3.2ip is identically zero. We now get ||(^'||sup < t>y combining p.l7p . 

((3l8)) and (|3T9| with the sum over a € of dSHOl [SHH) . □ 

Proposition 3.10. If T has periodic type then there exists C > such that, for 
allO<k<k', if^pe TEG{Ua,eAla^) then 

(3.23) ^y{S{k, k')if) < C^y{ip). 

Proof. Let (p = ipo + g he the decomposition with g £ JiY{Ua,= aIo''^) a-nd 

(^o(x) = - 5] (C+ log(|/W |{(x - e^)/|/W|}) + C- log(|/W |{(rW - x)/|/W |})). 

aeA 

By Proposition 13.91 S{k, k')(po ^Tp + Ip, where 

^(x)=-^(C+log(|/('=')|{(:r-e'^)/|/('=')|})+C-(„)log(|/('=')|{(rf)^ 

for a permutation x : — >■ ,4, and a function ip e BV^ (Ua^Ala' ■*) with ||(^'||sup £ 
cif((/7)/|/('=')|. Thus, 

Var^= ^ f \^'{x)\dx<c^{p). 

Since Var(S'(A;, k')g) < Vary and (^) = ^ip>), it follows that 

^r{S{k,k')p) = ^{lp)+V&iilp+S{k,k')g) < (c+l)J^((p)+Varg < {c+l)^r{p). 

□ 

4. Correction operators 

In this section we define the operator which allows us to correct a cocycle 
with logarithmic singularities by a piecewise constant function, so that the spe- 
cial Birkhoff sums of the corrected cocycle have controlled growth in Li norm. A 
similar operator appears in [32], based on the correction procedure introduced in 
[31J . In our setting, we need to use of the Li norm, since the Loo norm is unbounded 
due to the presence of singularities. We control the contribution coming from the 
singularities through the results in ti3.2l 

Recall that LSSGo(Uce^/a) = LSSGo(Uc,e^/a) + BY oiU^e Ala) (see gOl) . 

Theorem 4.1. Assume that T is of periodic type. There exists a bounded linear 
operator [} : LSSGo(LJQg^/i°'') — > F, where F is the space of functions which are 
constant on each la, whose image is a g — 1 dimensional space and such that: 
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(1) There exist Ci,C2 > such that, if ^ E LSSGo(UQg^/Q"-') and \){ip) — 0, 
then for each k > 1 we have 

^||^(fc)MIL,(,(.,) < + C2||^Li(,<o,)/|/(°)|fc*'^-\ 

where M is the maximal size of Jordan blocks in the Jordan decomposition 
of the period matrix of T . 

(2) // additionally T is of hyperbolic periodic type and ip G LSSGo(LJq£_4/q*^'') 
satisfies f)((p) = 0, then for each k > we have 

^ll^(fc)(¥')llLM/"=)) < Cl^-^M + C2^||^|Li(,(0,). 

Part (2) will be used to prove ergodicity of T^p in ^ while part (1) will be used 
in the cohomological reduction in Appendix [C] We prove them in parallel since the 
proofs have similar structure. 

Let rC^) be the space of real valued functions on /'^'"'^ which are constant on each 

(k) . (k) 

la T a ^ A and Fq is the subspace of functions with zero mean. Then 

S{k,k')T^^^ ^T^^'^ and S{k,k')v''^^ ^t'^P . 

Let us identify every function '^^eA ^aXjC^i i'^ T^'^-' with the vector h — {ha)aeA G 
R-^. Clearly F^^' is isomorphic to M-^ (~ R''). Under the identification, 

f'"-) = ^nn(A(^-)) {h - (haUeA e K"^ : {h,\^''^) = 0} 

and the operator S{k, k') is the linear automorphism of M-^ whose matrix in the 
canonical basis is Q{k,k'Y (see for example [31j). Thus S{k,k')-^ : F^^') F^^) is 
well defined. 

Suppose now that T is of periodic type, with period matrix A. Then the L-'^-norm 
on F*^*^) is equivalent to the vector norm and, by (12. 9p . 

(4.1) d^j^l^^'^lll^ll ^ ^^^\i!^'^\M ^ Mmii^^) < li^'^WM- 

Let us consider the linear subspaces 
fW = {/i€ F^^') : limsupilog||S'(fc,j>|| = limsup ^ log || < 0}, 

j^+OD J j->- + OD J 

ri'"') = {/le F^'') : limsupilog||S'(fc,j>|| = limsup ^ log < 0}, 

j— S- + 00 J J— >- + oo J 

ri^'^ = {he F^^) : limsupilog||(A*)'=-J/t|| < 0}. 

j-S-+oo ] 

Let M be the maximal size of Jordan blocks in the Jordan decomposition of the 
period matrix A. Note that for every natural k the subspace vi'l'^ (respectively 
rl''\ rl''^) C is the direct sum of invariant subspaces associated to Jordan blocks 
of A* with non-positive (respectively negative, positive) Lyapunov exponents. It 
follows that there exist C,d+,d- > such that 

(4.2) \\{A*rh\\ < Cn^''^-^\\h\\ for aU h e F^^'^ and n > 0. 

(4.3) \\{A*rh\\ < Cexp(-n6'_)||/i|| for aU h E F^'^^ and n > 0. 

(4.4) ||(A*)-"/i|| < Cexp(-n6'+)||/i|| for all /i e F(f) and n > 0. 

(k) (k) 

It is easy to show that Fes C Fq . Denote by 

:LSSG(U„e^/W) ^LSSG(U„e^/W)/F« 
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the projection on the quotient space. Let us consider two hnear operators C*^'^^ : 
LSSGo(U„e^/i''^)) ^ ri^^ and P^'''> : LSSGo(U„e^/^''') ^ LSSGo(U„e^/i'=^) given 

by 

C^'^^ip = ^ miifi, li'^)Xjij^> and P^^^ip = p- C^'^^p. 

aeA 

Then m{P^^^ Lp ^ I'^t^ ) — for each a & A. Moreover, 

(4.5) I|c(''V|Ili(/('=)) < II<^IIlh/(^)) 

and, by equation (|2.16p in Proposition 12. 151 

(4.6) ||p(''VllLM/<''') 

Since S{k,k')V^cs' = T^f' and S{k,k') : PC^) ^ pC^') is invertible (see gl]), the 
quotient hnear transformation 

5„(fc,fcO :LSSG(U„e^/«)/rW ^LSSG(U«e^4'='))/r(^') 
is well defined and Su{k,k') : F^'^^/rS^ -> r^'^'^/F^^'^ is invertible. Moreover, 

(4.7) Su{k, k') o C/W(^ = C/C^') o S{k, k')>p for e LSSG(U„e^/<^'=)). 

Since K-^ = L^o) = © rl°\ the linear operators : ri°^ ^ ri°^ and 
A* : r(°)/rS^ -J> r(o)/rS^ are isomorphic. In view of (jO]), it follows that there 
exists C" > such that 

\\{A')-{h + T^S)\\<C'eM~ne+)\\h + T^^}\\ 
for aU h + e r(0) /ri? and n > 0. Consequently, 

(4.8) \\{Su{k,k'))-\h + Tf:^\<C'cM-{k' -k)e+)\\h + T'^^\\ 

ioTh + vV e r('='Vris'\ o < fc < /c'. 

Lemma 4.2. For every function ip G LSSGo(UQ,g^/i'^''), i/ie following limit exists 

(4.9) AP^'^V^ lim C/^'')oS'(fc,fc')"^ofs'(fc,fc')oPo^''^-Po^'''^oS'(fc,fc'))<p. 
Moreover, there exists K > such that 

(4.10) IIAPC^'VII < A'^r(^) /or every p € LSSGo(U„g^/<i'=)) and fc > 0. 
Proof. Let us first show that given if £ LSSGo(UQg_4/i'^''), one has 

(4.11) (Sik, k') o P(|'=) - P^^'^ o 5(fc, fc'))<^ = C^'-'' ° ^(A:, fc') o P^^\ e 4'''^ 
As (/3 = Pq'^V + C'^'^'^ip, we have 

Pg^'^'' o ^(/fc, fc')</5 = ^'o'''' ° 5(fc, A:') o Pp^'^V + ^o'''^ ° ^('fc, fc') ° ^('^V- 
Since S'(fc, k') o C^^V G we obtain P(j'''' o ^(A:, fc') o C^^V = 0, and hence 

S{k, k') o PjI'^V - ^'o''''' ° 'S'(fc, k')p) = S'(/c, fc') o Pp^^-'V - Po''''^ o S'(A:, k') o P^j'^^V 

= c('=')o5(fc,/fc')°n^''Ver[,'=''. 
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In view of (|4.1ip . for < k < k' , using the telescopic nature of the expression 
below, we have 

S{k, k') o P^'''^ - P^^"^ o S{k, k') 

= [s{r,k')oP^''Ks{k,r)-S{r + l,k')oP^''+^''> oS{k,r + l) 

k<r<k' 

= {s{r + l,k')o(^S{r,r + l)oPl^'^'^ -Pl^''+^Ks{r,r + l)'^oS{k 

k<.r<ik' 

= Yl S{r + 1, k') o C'^'-+^^ oS{r,r + 1)0 P^'''> oS{k,r) 

k<-r<k' 

and the operator takes values in the subspace Fq which is included in the domain 
of the operator S{k, fc')^^. Thus, in view of (|4.7p . 

C/^'^') o S{k, k')-^ o {S{k, k') o P^^'^ - P^^'^ o S{k, k')) 

= U'^^'^oS{k,r + l)-^oC^'-+^'^oS{r,r + l)oP^''Ks{k,r) 

k<r<k' 

= Y Su{k,r + l)-^oU^'-+^Kc^'-+^Ksir,r + l)oPl^''Ksik,r). 

k<r<k' 

Moreover, using (j4.5ll . (|3.ip . (|4.6I1 and (13.231) consecutively we obtain for A; < r < A;', 
||C('-+i) o S{r, r + l)o P^^^ o S{k, r)^Li(,(.+i,) 

< \\S{r,r + 1) o P^'^K S{k,rMLi(n.+i)) < ||Fo*'^ o r)^||ii(,M) 

< 8\&^\-^'r{S{k,r)ip) < %C\&^\^'y{ip). 

By (ED, 

\\C^-'+^^ o S'(r, r + 1) o P^''^ o 5(fc, r)(^|| 
< Mu{A)C^^^^^y{^) < 8d,,{A)\\A\\CJ^r{^). 
Next let consider the series in Fg'^'' /vi'l^ given by 

(4.12) + 1))"^ ° ^^''^^^ ° ^^''^^^ ° ^ + 1) ° ^o''' ° r)¥>. 



Since |lC/(''+i)|| = 1 and f/('^+i) oC^^+i) o 5(r, r + 1) oPg^") o 5(fc, r)(^ G r^"+'Vri«+'\ 
by (|4.8p . the norm of the r-th element of the series (|4.12p is bounded from above 
by 8dC'Cv{A)\\A\\ exp(-(r - k)0+)^fiip). As 

K := ^8ciC'Cz/(A)||A|| exp(-(r - k)e+) < +00, 

r>k 

the series (j4.12p converges in Fp'^-'/ri?. Since, as shown above, the limit in (I4.9P is 
the limit of the sequence of partial sums of the series (j4.12p . this gives that AP'^^V 
is well defined. Moreover, since the constant K is independent on k, we get (|4.10p . 
The proof is complete. □ 

Definition 9. Let pC^) : LSSGo(U„e^/i''') -> LSSGo(Ua6^/«''^)/ri? be the oper- 
ator given by pC^) = U^'^^ o P^''^ - ApC'^^ . 

Remark 4.3. Note that if (ys e F^,''^ then P|j'''^(S'(/c, fc')</5) = for all k' > k, hence 
APW^S = and P'-'^'^ip = 0. 
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The correction AP*^*^^ is defined so that P'-'^^ has the crucial property of commuting 
with the special Birkhoff sums operators, as shown by the next Lemma. 

Lemma 4.4. For all < k < k' and ip G LSSGo(LJag^/Q'^'') we have 

(4.13) Su{k, k') o pt'^'c^ = P^'^') o S{k, k')(p. 
Moreover, 

(4.14) ll^^'Vlli.(,(.,)/r(^;) < (8 + K)\I^'^\^y(p). 
Proof. For k < k' < r, one can verify that 

S{k,k') o (^P^'^ - S{k,r)-^ o (5(fc,r) o Pq^'^) - Pg^'-) o S{k,r))) 

= (P(i*'''^-5(fc',r)-io (^(/fc',r)oPo(*=')-Po('^)o^(A:',r))) o5(A:,fc'). 

In view of (|4.7p . it follows that 

5„(fc,fc') o C/W o (Pp^^) - 5(fc,r)-i o (5(fc,r) o P^'''> - P^''^ o 5(fc,r))) 

= C/C^') o 5(fc, k') o (P(|''^) - 5(A:, r)-i o (^(A:, r) o P^^^ - P^"^^ o ^(A:, r))) 

= C/C^') o (P(('=') - Sik', r)-i o (^(fc', r) o P(|^') - Pjj'') o 5(fc', r)) ) o S'(fc, fc')- 

Taking the limit as r — > cx), since for j — k and j = fc' one has 

^lun C/(J) o (Pq^^' - S{j, r)-^ o (^O', r) o P^^'> - P^'''^ o S{j, r)) ) = P^^'V 

we get Suik, k') o p('=)(^ = pC^') o S'(fc, fc')<^, i.e. gig. 

Moreover, from the Definitional l|C^''''ll = 1, dUHl) and (lilH)) . we get 

which proves (|4.14p and completes the proof. □ 

Assume additionally that T is of hyperbolic periodic type, i.e. Og > 0. By 
Lemma there exists a bijection ^ : S(7r) ^ E(7r) such that A^^b{0) — b{S_0) 
for O £ 5](7r). Moreover, by Remark 12.111 we can assume that Ah{0) = b{0) for 
each O € S(7r), and hence v4|kcra„ = -fc'- It follows that the Jordan canonical form 
of A* has K — 1 simple eigenvalues 1 as A, hence the dimension 
A^h — h} is greater or equal than k — 1. Since 0g > and 2g + k — 1 = d, it follows 
that dimri*^^ = dimFl"^ = g, diniFc'^'' ~ k ~ I and 

R-^ = F(") = F(°) ® F(°) ® F^o) 

is an ^'-invariant decompositions. As F^^'' Fc*^-* = F^'' C Fq°-*, we also have 

F(°)=FW©F(")®(FWnF[,°)). 

Recall that T^f^ ® T^u ^ C H^^. Thus, when T is of hyperbolic periodic type these 
subspace have the same dimension, so they are equal. It follows that 

(4.15) fW=fW©F«©fW, i/, = fW©fW, f[,'^) -FW©FW©(FWnF[,''^)) 

for fc > is a family of decomposition invariant with respect to the renormalization 
operators S{k, k') for < k < k' . 
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Proposition 4.5. Assume that T is of periodic type. There exist Ci,C2 > such 
that for every ip £ LSSGo(LlQg_4 ifip + vl^^ — P^'^^ip then ip ^ ip G T^j^^ and for 
any k > 1 we have 

// additionally T is of hyperbolic periodic type and G LSSGo(Uq£_4/q'^-') then for 
any k > 

Proof. Non-hyperbolic case. Let us first show that (p ~ ip (z Fq"''. Since [/(o)^ = 

C/(")^ ^ [/(") o - APW^ = C/(")^ - C/(") o C("V - AP(")^, 

we have ^ - ^ e C/(") o C("V + AP(")</7 C r{,"\ In view of gT]) and 

C/C^' o S{k)ip = Su{k) o [/("'(^ = Su{k) o p(o)^ ^ p(fc) Q 5.^^)^^ 
Therefore, from and ((X^ . we have 

||C/Wo5(fc)^||^,(,<„^/j,(., - ||P('^-H^(fc)¥')llii(,(.,)/r(^) < (8 + i^)C|/W|ifrM. 
It follows from the definition of || • ll^^i^/cfej-j/pC') on the quotient space that for every 
k >0 there exists ipk G LSSGo(LJQg^/i'^-') and hk € res'* such that 

(4.16) S{k)$^pk + hk and Wpkhnn^^) ^ (8 + | J^r^. 
Next note that 

(4.17) ^k+i + hk+i = S{k + 1)^ = S{k, k + l)S{k)(p = S{k, k + l)(^fe + A%k, 

so setting lS.hk+i = hk+i — A^hk (A/iq = ^0) we have A/i^+i = —ipk+i + S'(A:, fc + 
l)ipk. Moreover, by ([XT]) and PTTC)) . for fc > 1, 

l|A/ife||Li(/(i-)) = ||<y5/c + S'(A: - l,k)ipk-i\\Lmw) 

< ll<^fe|iLi(/<'')) + \\S{k - l,k)pk-l\\L^(Hk)) < ||<^fe||Li(/(fc)) + ||¥'fc-l||Li(/('=-i)) 

yi^^ (8 + A-)C|/W |if r(^) < (1 + II A||)(8 + i^)C|/W l^-Tiv)- 

It follows from (gl]) that \\Ahk\\ < di^{A){l + \\A\\){8 + K)C.^'r{ip) for fc > 1 and 

11 II dv{A) dv{A) ^ 

II A/io|| < 1^(0) I II"-oIIli(/'»)) = |j-(o)| ll'y'- 'y'o||Li(/(o)) 

< dK^) (|I^IIlm/'«')/I^^°^I + (8 + K)C^y{ip) 
Since /ifc = Eo<i<fc(^*)'A/ifc-i and Ahi e T^f \ by gj), 

llftfcll < ^ ||(A*)'A/.fe_ni < E C:^''"'l|A/jfc-i|l 
o<z</c o<;<fe 

< c;^r(^)fc*^ + C2||^iLi(,(o,)/|/(°)|fc^'^-i 

for some C( , C2 > 0. Setting Ci + (8 + fc)C, in view of it follows that 

for fc > 1, 

||5(fc)^||ii(^(.)) < ykWmiw) + li'^'^'^WlhkW 

< |/W| (ci^r(^)fc^^ + C2||^|Li(,(o,)/|/(")|fc^'^-i) . 



< 1 
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Hyperbolic case. Let us now prove the second part, assuming that T is of hy- 
perbohc periodic type and (p G LSSGo(UQg^/a°''). Then, as shown just before 
Proposition [431 vi'l' = vi'''' vi''^ and = ri''' ® vi^'' are invariant direct sum 
decompositions. Let hk — hf. + h'j., where ft,^ S Tc'^^ and ft,^ € vi'^^ C Hj^. By 
RemarkHSl ^'^(K) = 0. In view of Lemma (|iT5| and Remark [TT71 it fohows 
that O{hl)^0 and 

0{^) = 0{S{k)(p) = 0{^k) + 0{hl) for every O E S(7r). 

Suppose that 

^(x) = - ^ (C+ log(|/|{(x - + C- log(|/|{(r„ - x)/|/|})) + g{x), 

where g e BVi(U„e^/a). Then = </? + for some h e r^°'. Thus ^(^) = 
and since Var((7 + h) — Va,i{g) we have ^"fitp) = ^'fiip). Thus, by Proposi- 
tionlXrni ^r{S(k)(p) < CJ^r(^) = C^y{(p). similarly, since ipk = S{k)<f-hk, 
it follows that ^r((^fc) = ^y{S{k)0) < C^yiip). Thus, by Lemma [133 for 
every O G S(7r) we can estimate 0{(pk) and ©(f^) respectively by 

\Oiipk)\ < 2d:.{A)jj^^ 1^^^^ \ipk{x)\dx + 2d^r{^k) 
< 2diy{A)jj^^\\^k\\LHm)+2dC.^r{^), 

\om < 2di.(A)pj^ii<?iL,(,(o)) + 2d^nip). 

Hence, by BIB . \Oi(pk)\ < 2dC(i^(A)(8 + K) + l)^r(^). It follows that there 
exist Ki,K2 > such that, for every O G S(7r), 

so, by Remark [2.171 

||A-(/»D|| = max <i^iJ-y(^) + if2||^llLi(/<o))/|/(°^|. 

Since, by Remark [2. 81 A'^ : T^''^ is an isomorphism of linear spaces, there 

exists K' >1 such that \\h\\ <K'\\A''h\\ for every h G vi'^K It follows that 

(4.18) \\h%\\ < K' (^K.^fiip) + ^2p^||^Li(7(o,)' 

Let A/ifc+i = /ifc+i - ^*^fc for fc > and A/ig = /ig. Then from (|IT7)) . we have 
Ahl+i = -ipk+i + S{k,k + l)ifk-hl+,+A'hl = ~ipk+i + Sik,k + l)ipk-hl+, + hl. 
Therefore, by ([S3]), gT]), ([il^ and (|iTB)) . for all fc > 1, 

l|A/lfc|Li(/W) < ||v3fe + /ifc||Li(/('=)) + \\S{k - 1, fc)(^fc_i + 

< II ii^/c II Li (/(*=)) + +ll'ifellLi(/('»)) + ll'Pfc-l||Li(7('«-i)) + ll^fc-lllLi(/(fc-i)) 

< |/W| (1 + ||A||) ((8 + K)C + K'K,)J^ri^) + i^'i^2||^||i,(,(o,)/|/(")| 
It follows from (14. ip that there exist constants K[ , K2 > such that for fc > 1 

II A/i^ II < i^J^r (^) + i^^ II ^L,(,(„, ) I , 
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while for fc = we have 

W^KW = WKW = W-vo-h'oW < WKW + ^y^dl'^lliiac") + II^oIIli(/(o))) 

Shice hi = Eo</<fc(^*)'^'ifc-; and A/if e ri'\ it follows from (g^l) that 



^ \ ^ / la Ml A L 

fe-/l 



\\hl\\< m)'^hU\\< J2 CeM'lO-)\\Ah 

0<l<k 0<l<k 

l-exp(-6l_) 

Combining and we find that for some Ci, C2 > 

^4yjll'5'(fc)<?llLi(/('»)) < jy(;^;yjll</'/c||Li(/('»)) + ll^fell + \\hk\\ 
<CiifyM + C2||^ILi(,(o,)/|/(°)|. 



□ 



Proof of Theorem \4-l\ Let us first show that for every (p G LSSGo(LJQ,g^/a) there 
exists a unique h e T^u ^ n Fq^^ such that ip — h € P^^'^ip, where P^'^^ is the operator 
in Definitional Since 1^- e r[,°' = (rl°Mr^°^) ® rS\ there exist h e (rl°Mr[,°^) 
and h' G Fes' such that p — h = (p + h' . As G P'--^^p, it follows that 

p-hep + rl°^ = p(°V- 

Suppose that /ii, /12 G fI^-* n Fq^'' are vectors such that 

^-/.i + f2) = ^-/.2 + f2) = p(°)^. 

Then and ||^(fc)(^ - /i2)|L:(,(.,)/|/«| grow poly- 

nomially in k by the first part of Proposition 14.51 Thus, || — ft,2)|| < 
||S'(fc)(/ii — /i2)||Li(/('=))/l^^'^''l grows polynomially as well, so /ii — /12 G fS'- Since 
/ii - /i2 G fI"^ and Fi°^ n F.L°' = {0}, it follows that hi = /i2. Thus, there exists 
a unique linear operator t) : LSSGo(LJq£^/q) — > fI'^'' n Fg'^', called the correction 
operator, such that 

^-[)M+F£)=P(°)(^). 

Note that, by RemarkH^l p(")(/(,) = for each h G f[)°\ so 

(4.20) = /i if /i G F(f) n f[,°' and f)(;i) = if /i G F^?. 

In particular, the image of f) is fI'''' H Fq*^'' which has dimension 5 — 1. 

In view of UjUM the operator p(o) : LSSGo(Uae^/a) ^ LSSGo(U„e^/„)/Fi°^ 
is bounded with respect to the norm || • || , /rwp(o)- Therefore, by the closed graph 

theorem, the operator t] is also bounded. Indeed, if pn ~^ p in LSSGq and l}{pn) — > 
h in f1°^ n F*)°^ then have both 

p(")^„->p(")^ = ^-[)(^) + F£), 

so from one hand t){p) — /i G fI^-* n Fg'^-' and at the same time \){p) — /i G Fc?, so 
h = f) (</?). Since the vector norm and the L-'^-norm are equivalent on F*^*^^ by (|4.ip . 
we get that the operator is bounded. Suppose now that \){p) = 0. Then 

P = P- Hv) ep- Hv) + f£) = p(o)(^). 
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Now parts (1) and (2) of the Theorem fohows directly from Proposition 14.51 This 
concludes the proof. □ 



The following Lemma will be used several times in 

Lemma 4.6. If (p £ JiYo{UaeAla) is a measurable coboundary then = 0. 

Proof. Suppose that ip G BVo(Llc(g_4/Q) and ip — ^ — ^oT for a measurable function 
^ : / — > M. Set h := ()((^). Since ip — h S P'-^'>tp and the operator P^^^ is an extension 
of the operator P*^*^^ defined in |7], by Theorem C.6 in [7], there exists constants 
C,M > such that Hi/?*-"-* — ft.'-"-*||sup < Clog^^ n. Moreover, as shown in Lemma 
4.1 in [7], there exists S > such that for each a G A and k > there exists a 
measurable set ci^^ C / such that Leb{ci''^) > (5 > and /iW^^^)) (cc) = 

(k) 

for all a; G Ca ■ Since ip is a coboundary, by Lusin's theorem, there exist i^T > and 
a sequence {Bk)k>o of measurable sets with Le6(i3fe) > 1 — (5 such that < K 

for all X ^ Bk and fc > 0. Then taking a; G Cq n BQ^(^k) 7^ 0, for all a G ^ we get 

\{{A'fh)^\ = < \^^^-^'''^Hx)\ + C \og^' Qo,{k) < K + Ck""'' log" \\A\\. 

Therefore \\{A^ fh\\ <K + Ck" log'" \\A\\ for k>l,&ohe vf) n rl°^ = {0}. □ 

5. Ergodicity 

In this section we prove ergodicity for the corrected cocycle over lETs (Theo- 
rem II. 2p . Let [) be the correction operator defined in Section H) 

Theorem 5.1. Let T : I ~> I be an lET of hyperbolic periodic type and ip G 
LSSGo(LJQ,g_4/Q,) such that i){(p) = 0. If ^{(p) 7^ (i.e. not all constants are 
zero) then the skew product is ergodic. 

The proof is given at the end of ij5.2l Theorem 15.11 implies Theorem 11.21 

Proof of Theorem[LM Given ip G LSSGo(Uag^/a) such that ^(^) 7^ 0, let x = 
t){'p). By Theorem 14.11 x is constant on each /„, belongs to a g — 1 dimensional 
subspace of F^") and since f)((^ — %) = 0, the skew product T^-x ergodic by 
Theorem O □ 

For the rest of this section, assume that T : / ^ / is an lET is of hyperbolic 
periodic type, |/| — 1 and (p is a. cocycle in LSSGoCLJQg,^/^) such that ^{ip) 7^ 0. 
To prove Theorem 15. 11 we will use the ergodicity criterion given by Proposition [521 
in Section 12.11 In ij5.ll we will construct the rigidity sets for Proposition 12.31 and 
prove some preliminary Lemmas, while in ^5.21 we will verify that they satisfy the 
assumptions of Proposition [ 



5.1. Rigidity sets with large oscillations of Birkhoff sums. Katok proved in 
[231 that for any interval exchange transformation there exists a sequence of Borel 
sets (S„) and an increasing sequence of numbers ((/„) and S > such that 

(5.1) Leb{En)>S, Le6(S„AT~^S„) ^ and sup d{x , T'^" x) ^ . 

We call sequences (S„) and (g„) with the above property rigidity sets and rigidity 
times respectively. We present here below a particular variation on the construction 
of Katok, using Rauzy-Veech induction (Definition [TUj), which allows us to obtain 
further properties (in particular Lemma [5. 4[) needed in the following sectionsQ 



different variant of Katok's construction was also used by the second autfior in 1441 1451 . 
We remark that the second property in US. it is not always required in the definition of rigidity 
sets (for example, it is not assumed in |44| 1391 145I '). but it is important for us for the proof of 
ergodicity. 



ERGODIC PROPERTIES OF INFINITE EXTENSIONS OF AREA-PRESERVING FLOWS 31 



Notation. Let a € A he such that 719(0;) — 1, i.e. la is the first of the intervals 
exchanged by T. Notice that for each n > we have TTQ^\a) — 1. 



Lemma 5.2. For every if £ LSG(LJQg_4/c) with J^fi^p) ^ there exists /?o G A 
such that for every integer n > 2 there exists l3n G A and jn G N so that at least 
one of the following two cases holds: 

- Case (R): C^^ 7^ and r^^ — T-^'T^"'', 

- Case (L): C+ ^ and Ip^ = T'^lf}, 
where in both cases, one has 

(5.2) Qa(n-2) < j„ < Q^„(n). 



Moreover, in both cases the closures of the intervals r'/^""* for Qp^{n) < i 
QPn (") + Qain — 2) do not contain any point of End{T) = {ra, la,o: € A}. 

Proof. Since J2f{(p) ^ 0, not all constants are zero. If there exists at least one /3 
such that Cp 7^ 0, pick as /3o one of these /3. In this case let x be the permutation 
given by Lemma 13.21 applied to A: = and k' — n and let /?„ := X~^{Po)- Then 
by Lemma 13.41 there exists < jVi < Qp^W) such that (Ty^rp^^ = rp^, i.e. we 
have Case (R). Consider now the case in which — for all a £ A. Since (p 
has singularities of geometric type, at least one among , , , and 1 , , is zero. 

Thus, since tp G LSG satisfy the symmetry condition (|1.3p . there must exists (3o 
such that 7^ and /3o ^ {'^o^i^)T^i^i^)}- ^^^^ '^^^^ (^n = Po for all n. 
By Lemma l3^ there exists < j„ < Qi3„{n) such that (Ty^l^'p''' = Ip^, i.e. we have 
Case (L). 

Remark that /("^i) c I-^" because, since Z{n — 2,n — 1) = A is a positive 
matrix, each x G /(""^^ has to visit /^~^^ before its first return time to 
Repeating the argument one more time, we see that J^") is strictly contained in 
"^^ (since /^"^ and "^^ share as left endpoint, this means that the right 
endpoint of is in the interior of /i""^-*). Remark that the interiors of the 
intervals T-'/^" for < j < Qa{n— 2) do not contain any point of End{T). This 
remark implies that, since in Case (L) we have /3„ 7^ (7rQ"^)~^(l) (i.e. Z^"-* 7^ 0), 
in both Cases one has j„ > Qa„ {n — 2) and concludes the proof that (j5.2p hold 
in aU Cases. Since T'^f-f")/^"^ C C 4""^^ and, in Case (L), we also have 

/3„ 7^ (7r^"^)-i(l) (i.e. T'^f..^")/^"^ ^ 0), this remark also shows that the last part 
of the Lemma holds. □ 

Definition 10 (Class of rigidity sets). For each n G N, let /3o, (3n and j„ be given 
by Lemma 15.21 so that we have C^^ 7^ and T^"-rp^ — r^^ where Q-a{n — 2) < j„ < 

g^„(n) (Case (R)), or C+ ^ and Ip, = T^-^J"^ where Qa{n - 2) < j„ < Qp^{n) 
(Case (L)). Set g„ := (3^„(n) and p„ Qa("^ - 2). 

Let Jq"-* C /^"■' be any subinterval such that > c\I^^\ for some c indepen- 

dent on n. For each < fc < p„ set J^"'' := T^J^^^ and let 

(5.3) S„:='U4"\ 

fc=0 

Lemma 5.3. For any choice of J^^^ as in Definition \l(A the sets (S„) defined by 
\5.SI\) are rigidity sets with rigidity times the {qn)- 



< 
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Proof. From (HH), ((^1^ and from Qs{n) < WAW^Qain - 2) it follows that 
(5.4) |S„|= \jt^\>cQT,in~2)\ljpJ\> 



fe=0 



dl/(A)2||A||2|/(0)|5 



It is easy to check that for all x G d{T'^"x,x) < |/(")| (we refer to [44J for 
details) and that since S„ is a tower over a subset of |S„Ar~-'^S„| < |/''"-'|, 
which tends to zero by minimality of T. Thus the conditions in (j5.ip hold. □ 

We will now choose Jq"-* C /^"'' so that if we set J^"-* — T^j'^^\ then for each 

X e = T'=J^"\ < fc < p„, the Birkhoff sums (.^(«"))"(x) are large, in 

the precise sense of Lemma 15.71 below. The rigidity sets (S„) used in the proof of 
ergodicity (in iJ5.2p will be the ones obtained by Definition[Tn]from these subintervals 
Jf. . We will also show that for each < /c < p„ we can choose a subinterval 

J^"^ C so that (^(«"))'(cc) is also large for x G J^"^ in the sense of Corollarv l5.8l 
below. Since the construction is basically symmetric in Case {R) and Case (i), we 
will give all the details in Case [R) and only the definitions in Case (L). 

Definition 11. Set [0^,6^) :— T^l'j^^ for < fc < p„, where Pn-^Pn are as in Defini- 
tion [TUl Recall that A^"^ = Fix < c < 1/2 and set 



'k 

(5.5) 



^ .^[bk- c\^a\hu - in Case (R) , 



Jk''' '■= [o-k^ l^,a/c + cA^"^ in Case (L). 



Notice that since 0<c<l/2we have the inclusions 
(5.6) 4"' C fflfe + ^-.b^ in Case (R), jf"^ C fafc,afc + ^ I in Case (L). 




Lemma 5.4. In Case (R), if x £ Jk^\ for each < j < Qn we have 

(i) {T^x - > A^"V2 for all a G A; 

(ii) {j'q — T^x} > X^i^^ /i'{A) for all a such that 7^ and a 7^ /3q; 

(iii) {rp^ — T^x} > A^"''/;/(j4) wif/i f/ie on/y exception of j — jn — k, for which 

4:V2<{r;3o-T^"-M<4"J' 
Moreover, for all x G J^."^ , 

(iv) the minimum spacing of points in {T^x, < j < Qn}, *-e- min{|T*x — T-'xl, 
for < i ^ j < Qn}, is greater than A^"''. 

Remark 5.5. In Case (L), one can state and prove a Lemma analogous^ to Lemma 
15.41 in which the role of {r^ — T^x} and {T^x — la} is reversed. 

Proof. Recall that Jq"'' is contained in /^"■' which is a continuity interval for T'^" 

and T'^"ljil^'' C I^"-* is contained in which is a continuity interval for each T'^ 

with < fc < Qa{n — 2). This implies that, for each < fc < p„ = Q^(n — 2), the 
images for j = 0, . . . , g„ — 1 do not contain any la or in their interiors. 



^In the version for Case (L) the statement and the proof is actually simpler, since there is not 
need to assume anything as a such that Ca ^ in Part (2). 
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Thus, since J^"'' C T^I^^^ , for each x € J^"', j = 0, . . . , g„ — 1 and a e A we 
have that {T^x — /„} is at least the distance of x from the left endpoint of T'^I^K 
By (Hil]) this gives that {T^x - > A^"V2, i-e. proves (i). 

For any < fc < p„, by Definition [TUl since bg — we have T'^'^^^hj^ = 

f^'^bo = ri3^ and j„ - fc > 0. If x e by cA^"V2 < bk - x < cA^"^ and 

since T-'"^'^ is anisometry on the interval this gives cA^"-'/2 < rp^—T^^^'^x < 

cA^"\ which gives cA^"V2 < {rf},, ~ TJ-'-'^x} < cA^j"^ in (iii). 

Let us complete the proof of (iii) and prove (ii). Let x G J^"'' and let us first 
consider the case < j < qn^k. Remark that the images T'/g"'' for < ^ < Qp{n,) 
and P Cz A are disjoint and give a partition of /, denoted by Vn- By Lemma 13.41 
{r-Q , a G A} are contained in the orbits of the right endpoints of the intervals , 

l3 ^ A. Moreover, there exists a unique /?' such that the tower T'i^?'', < ^ < 
Ql3'{n) contains both and = Tra^. 

By the Keane condition, since the T-orbit of 6o = J'^"' contains r^^ (recall that 
by definition x{Pn) = /3o), it does not contain any other but r^^, unless either Tq, 
(which belongs to the orbit) or r^^, are equal to |/|. In the latter case, the T-orbit 
of 6o = r^"-* contains r^^ (recall that G {7rg"^(d), 7rf ^(d)}) and, again by Keane's 
condition, no other Tq. Indeed, one either has — 7rf^((i) and T{ra^) = \I\ = rp^ 
or a^j — TrQ^{d) and Trpg = r^^ — \I\ with /3o — ■Ki^{d). Notice that in this case, 
though, CqT^ = 0. Thus, if x G J^; , for all < j < qn — k with the exception of 
j = jn — k and all a for which ^ 0, we have that {ra — T^x} is at least the 
minimum length of an element of the partition Vn , which, by balance (j2.9p of the 
P€A,is at least x'f^]/iy{A). 

Let us now consider q-n — k < j < qn- By the definition of return time qn, 
f9„/t^) ^ j(n) g 7^'-^\ Thus, for aU g„ - fc < j < g„, rV;["^ is contained in the 

Rohlin tower T'T^" < Z < p„ = Qq(7^ — 2), which does not contain any r^, 
a A (see Lemma [5.2^ . Therefore if a; G J^""* then T^x belongs to an interval of 
the partition Vn whose right endpoint is not of the form ra, a E A. It follows that 
{tq, — T^x} is at least the minimum length of an element of the partition Vn, which 
is at least A^"V'^(^)- This concludes the proof of (ii) and (iii). 

Property (iv) follows from the fact already remarked that for each < fc < p„ the 
intervals for < i < (7„ are disjoint and is an isometry on T'^I^^K □ 

Lemma 5.6. Let ip G LSSGo(LlQ,g^/Q). Then for each x G Jq"'' and < m < p„ 
we have 



where M > is the constant in Corollary \S.8\ and c the one in Definition \lll 

Proof. Assume without loss of generality that |/| = 1. Consider the Case (R). First 
note that, if [x,T'^"x] denotes the interval with endpoints x and r*"a:, we have 



Fix y G [x, r*"x] C I*^"-'. As we mentioned before, the images T-'/'^"^ for < j < p-, 
do not contain any 1^ or Tq, in their interiors. Therefore, for every < j < m 



|(^(9")(x)-(^(«")(r'"a;)| <C2 ■.=^ diy{A){Admii^{l/c,iy{A)) + M)^{ip), 




{T'v - /a} > min({TJx - / J, {T^T^-x - / J), 
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{r„ - T^y} > min({r„ - T^x}, {r„ - T^T^-x}) 
for each a E A. Since T^T^^x = T'i"-^{T^+^x) with < j + 1 < to < p„, in view 
of LemmaEH apphed to x e J,^"^ and T^+^x £ J^+i, we have {T^y - 1^} > A^"V2 

for all a e A and {r„ - T^y} > c\f^ 12 if 7^ 0, where c = min(c, 
Therefore, 

2/i = min (T^y - 1^)+ > x'-g^ /2 for all a £ A, 

0<j<m 

yl = min (r„ - r^y)+ > c\fj2 if C" ^ 0. 

In view of CoroUarv 13.81 applied to fc = and k' = m and since c < 1, it follows 
that 

|(¥'(™))'(y)l < E ^ + E ^ + MJ^i^)m < + Mq„] ^{^). 



Therefore 



< dz/(A)(4d/c + Af)Jf(v3), 

since aJ,"^ = and = \lf^\QfiAn) < 1- The proof of Case (L) is 

similar. □ 

For the next Lemma 15.71 and its Corollary 15.81 we will consider cocycles ip G 
LSSGo(LJQ,g^/Q.), with an additional assumption. We will consider ip of the usual 
form, that, for |/| — 1, is 

(5.7) ^(x) - - E - - E ~ ^} + 

but in addition we will assume that g'^ e BV^. This allows us to consider ip". 

Lemma 5.7. Let ip E LSSGo(Uc(g_4/Q) be such that g'^ e BV^ . Consider the 
intervals J^"^ defined in Ii5.5\) with 

(5.8) c:= [\C%}/{^^i^{Afj^{v) + \\g';\U^))''\ 

Then for each x G we have I (-!/;")('?") (a;) I > ci/(A^"^)2 where the constant ci > 
is explicitly given by ci :— Tr'^h'{A)'^^{ip)/3. 

Proof. Since g[p G BV^, we can differentiate (j5.7p twice and get 

Assume that Case (R) holds and take x £ j'j^^^ . By Lemma 15.41 the minimum 

\(") 



of {T^x ~ la} ioT a £ A and < j < <?„ is largest than A^"''/^ and the points 
{T^x, < j < qn} are at least Al"''-spaced, so we have the following upper bound: 



{Tlx - laV 



|g+l ^4^^ \C. 



,=1j^(a£V2)2 6 (a(«))2- 
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Reasoning in the same way, from (ii) in Lemma 15.41 for each such that ^ 
and a ^ /3o we get an analogous estimate for 



E 

o<i<g. 



c- 



< 



^'^{Af \C-\ 



(A 



Clearly, the estimate holds trivially also if = 0, so it holds for all a 7^ /3o- Again 
by (iii) in Lemma [5T4l we have that {r^,-, — T^'^^'^x} < cA^"'', so that 



C, 



do 



> 



All 



If we exclude T^^^'^x, for the other points in the orbit {T^x, < j < qn,j 7^ jn^k} 
we can reason as above using the lower bound of (iii) in Lemma l5.4l on the minimal 
value of {rpg — T^x} and the lower bound on the spacing in (iv) to get 



E 



/3o 



c. 



0<]<qr 



\C 



< y 



< 



Remark that, since g'^ e BV\ |(<?';)(«")(y)l < 9n||<?';i 



sup 



< 



ii5;jiisup/(A 



/3„ > 



for 



each ?/ G / because \^^\n — l^^""* IQ/3„ ('^) ^ 1 ^^nd 1/A^"'' < 1/(A^"'') ■ Combining 
all the above estimates and recalling that ^("0) = X^ad'-^Q I + I^^q I)' '^^ S^^ 



(^)l> 



/3o 



c 



/3o 



> 



All 



3(Al,"j) 



Recalling the definition of c, this gives > TT^viA)^^{^)/3{X^^] f 

and concludes the proof of the lemma for the Case (R). The Case (L) is similar. □ 



Corollary 5.8. If g[p G BV^ then for every < k < pn there exists a subinterval 



J^"^ C Jl"'' such that |J^"''| > \ Jk"^'\/3 and for each x G J^."'' we have 

> c'qn, where c' = TT^i^{Afc^(tlj)/36. 

Proof. By Lemma [5771 the sign of is constant on J^""*, so assume without 

loss of generality that (t/i^^"))" > 0, so that is increasing on J^"''. Assume 

we are in Case (R). Consider the value of at the middle point bk — 3cA^"''/4 

of 4"^ If {ip^'^'^^yibk ~ 3cA^"V4) > 0, let J^"^ be the right third subinterval of 



7(") 



An) 



'(") 



J, 



(n) 



7(") 



5fe-2cAfj/3,6fc 



Since i/'' ° is continuous on 



J^"^ for < * < 9n, by mean value theorem and by monotonicity, there exists 
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C e - 3cA^"V4, hk - 2cA^"V3) such that for each x G J^"^ 



Co— -i (n) \ (n)_ _ 

where the latter inequahty follows from positivity of {ip^'^^^)' {hk — 3cA^"'/4) and the 
lower bound > ci/(Ajj"j) given by Lemma 15.71 

Similarly, if (V'('^"))'(fofc-3cAl"V4) < 0, we can let J^"^ be the left third subinter- 



;(") ; t(«) 



cA(rj,6fc-5cA£V6 



and reasoning as above we get 

< --^^ for all X e Recalling that Xf^qn < 1 and the definition 

of ci, this concludes the proof in Case (R). Case (L) is completely symmetric. □ 

5.2. Tightness and ergodicity. In this subsection we conclude the proof of The- 
orem [5TU We will verify that the assumptions the ergodicity criterion in Proposi- 
tion [2l3] hold for the rigidity sets (S„) and rigidity times (qn) constructed in the 
previous t)5.1l We first prove the following. 

Proposition 5.9. Let T : I ^ I be an lET of periodic type. For every cocycle 
ip e LSSGo(Llcg_4/Q) with \){ip) — and J^{^p) ^ (3 any rigidity sets and 
rigidity times (qn) as in Definition \lU\ there exists C > such that 

(5.9) / |</j('?")(x)|d2: < C for all n>l. 



Proof. Let (S„) and (g„) by any rigidity sets and times as in Definition 1101 Let us 
first prove that there exists a constant Ci > such that for any n e N and for any 
subinterval J C Z^"'' 

(5.10) J |(p(«")(a:)|da; < Ci|/(")|. 

Recah that for x e /^"^ we have S{n){tp){x) = tp<^Qf>r.M) [x) = ^(9")(x). Hence 
|^(«")(a;)| dx = 1^ \Sin)iip)\ dx < ||5(n)(<^)|L,(,(„,) 

Thus, ((5lII)l follows from Theorem O 

Let us now fix any < /c < p„. Given x € Jk^\ let x — T^y for some y G Jq^^ ■ 
By Lemma [ISl W^'^^Kv) " V^'^^\T^y)\ < C2, so 

|^(9")(x)| < |(^(«")(r-'=x)| + C2 for each x e 

Thus, by ((5JU)) . it follows that 



\^^'i-\x)\dx < / |(^(«")(r-'=x)|dx + C2I Jri 

\^^'i-\x)\dx + C2\jt'^\ < (Ci+C2)|/(")|. 



^We remark that the assumption J^('f>) ^ is used only to define the sets {H„) as in Definition 
moi l, but does not play any essential role in this Proposition. The same conclusion holds more in 
general for similar rigidity sets also when S£(}p) = 0. On the other hand the assumption = 
is crucial in this Proposition, while the assumption jSf(v) 7^ is crucial in Proposition 15. lOl 
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Consequently, 



•^=1 fc=0 "^4"' 



< (Ci + C2)|4"~'^ - 2) < Ci + C2, 



which concludes the proof. 



□ 



Proposition 5.10. Let T : I I be an lET of periodic type. For each (p G 
LSSGo(LJQ,g_4/Q,) such that ^{^p) 7^ there exists rigidity sets (S„) and rigidity 
times (qn) with lini„_>.oo Leb{E.n) — 5 > Q and c > such that for all s large enough 
we have 



(5.11) 



lim sup 



<C<S. 



Proof. Since G BY^ (Ua^ji^Ia), by Corollary 12.141 g^ is cohomologous via a 
continuous transfer function to a piecewise linear function. Thus, there exists a 
continuous /i : J — R such that ip = Tp + h- T^h and g-^ is piecewise linear. In 
particular, g[p e BV^, so we can apply Corollary 15.81 to ip. Let (S„) and let ((j„) 
be the sequences of rigidity sets and times as in Definitions [TU] and [Til where the 
constant c is giyen by (|5.8p . In yiew of (|5.4p . passing to a subsequence if necessary, 
we can assume that lim„__j.oo ^e6(S„) = (5 > 0. 

Since h is continuous and by the properties of rigidity sets d(T'^"x,x) — >■ 0, we 
have 



(5.12) 



lim 



^27ris(^/.<''"'(2:)+?i(T«"x)-/i(x)) 



da; 



0. 



In view of (j5.12p . since 1^9^*"' = ^/if?") + k o T^" — h, it is enough to prove (j5.1ip 

^ . . . (n) 

for -0. Since ^„ is the union of the intervals Jl for fc = 0, . . . ,p„ — 1, we will 



estimate the integral over each J^"'' := [ak,bk]. Let J^."'' :— [ak,bk] C J^"^ for 
= 0, . . . ,p„ — 1, be the subintervals given by Corollary 15.81 We will first control 
the integral over each 

'k 



f(") 



7(«) 



Since a.e. £(V'^'^"^) = V''^''"^ and > c'g„ > 



on each J^"'' fCorollary l5.8p . using integration by parts we get 



(5.13) 



^ isi/,'(9r.)(2:) 



dx 



V''('?")(a;) 



dx \^''^i^){x) 



dx 



Let us estimate each of the two terms in (|5.13l) separately. By Corollary 

b 



(5.14) 



gisi/j^^^ ' (2;) 

^/;'(9")(x) 



< 



< 



|0'(9«)(z)| - c'q, 



Recall that for every "^^"^ -function / : J — > M we have Var(/)|j = j j |/'| da; and that 

if I/I > then Var(l//)|j < Var(/)|^ /(minj /)2. Since V^'^"^ is on J^"\ using 
again Corollarv l5.8l we estimate the second term by 
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We can write Var(V''('"^) = Varfeo' ^' ' ~(") ^ E .to' Var(^')lT. • 
Assume without loss of generality that |/| = 1. Thus 

C+ ^ c- 



, {x — la} , Wa — x} 



E 



+ .9v^(a;), 



where g'^ is of bounded variation. By Lemma 15.41 if we are in the Case (R) of 
Definition [TTI or by Remark l5.5l if we are in the Case (L), the minimum distance of 
each J^"^ from each a e and r^, for all a e ^ such that C„ 7^ 0, is at least 



cA^" /2, where c := min(c, ^) and A 

< j < (Zn are pairwise disjoint, it follows that 



(") 



7-(")| 



Since the intervals J, 



■(n) 
k ' 



9„-l 



9„-l 

E Var 

Moreover, 



Therefore 
(5.15) Var 



{x - !„} 

c- 



< Var 



91 

{x) 



< 



2|C+| 



[cA<,';^'/2,il cA^"^ 



{r^ - a;} 



< Var 



c- 



{1-4 



< 

[0,l-cA^"J/2] CA^"^ 



9„-l 

E Var((7;)|y^.j(„) < Var(5;)|^. 



5:Var(^')l,.j(".<^+Var(5;)|,, 



Using the estimates (j5.14p and (j5.15p in (j5.13p . for each /c = 0, . . . ,p„ — 1 we get 



7(") 



1 

< 

- \s\ 



cq„ 



"^ll \ cA 



(«) 



+ Var(g;)|^ 



< 



C 



Pn\S\ 

since p„ < (?„ and 



where C := 2/c' + l/c'^ (2rfi/(yl)2|/(") |^(V')/c + Var(g;,) 

As 1 I > |4"V3 for aU < /c < p„, we have Le6(S„ \ Ufco^ 4"^) < 



|Le5(^„), and hence 



< -Le5(5„) + ^ 



Consequently, whenever \s\ > 12C/S 
lim sup 



*:=0 



2 C 

< -Leb{Er,) + — 

3 s 



^2, C ^ 3, 



□ 



Corollary 5.11. For every lET T -.1^1 of periodic type if (p £ LSSGo{UaeAla) 
is a cocycle with ^(95) 7^ then ip is not a coboundary. 

Proof. Assume by contradiction that ip ^ h — hoT for some measurable h : I M., 
so for any n S N we have (p^i"'> —ho T^" — h. Since by Lusin's theorem we can 
approximate /i by a uniformly continuous function on a set of measure tending to 
one and by the properties of rigidity sets d{T'^"x,x) — > 0, for every real s we have 
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Proof of Theorem \5.1\ Consider the rigidity sets and times ((7„), given by 

Proposition 15.101 Since they belong to the class in Definition [TUl they also satisfy 
Proposition 15.91 Ergodicity of the skew product T^:/xM— >/xR now follows 
from Proposition 15.91 and Proposition 15.101 by the criterion in Proposition 12.31 □ 

6. Reduction of locally Hamiltonian flows to skew products 

In this section we prove Theorem II. 31 (all details are placed in Appendix |B]) and 
Theorem ll.il (see ij6.3p . Let us first recall how to represent a locally Hamiltonian 
flow ((/>t)(gH as a special flow over an JET and set up the notation that we use in 
the rest of this section. 

6.1. Special flow representation of locally Hamiltonian flows. Let (0t)tgR 

be a locally Hamiltonian flow determined by a closed 1-form on a symplectic 
surface {S,uj). Recall that we assume that there are no saddle connections and 
that the local Hamiltonian is a Morse function, so all zeros (elements of E) are 
simple saddles. Let (^, be the measured foliation given by ((/>t)igH (see the 
Introduction). By a theorem of Calabi [5J and Katok there exists an Abelian 
differential a on S such that the vertical measured foliation of a coincides with the 
measured foliation (^, v,^). Moreover, at each point z G E the Abelian differential 
a has zero with multiplicity 1. Denote by Xa : 5' \ S — ^ TS the vertical vector field, 
i.e. a{Xa) — i, and let (Fj")tgR stand for the corresponding vertical flow on S* \ S. 
The vertical flow {Ff)ti£m preserves the 2-form lUq, — AaonS which vanishes 
on E. It follows that there exists a non- negative smooth function ly : — > M with 
zeros at E, and such that cja = Wuj. Therefore, X — WXa on 5\S. It follows that 
there exists a smooth time change function h : Rx S ^ M. such that (ptx — F^^^ ^-jX, 

or equivalently W{(j)tx) = ^(t,x) with h(0,x) = x. 

We will consider so called regular adapted coordinates on S'\E, this is coordinates 
Q relatively to which — dC,. If p e E is a singular point then we consider 
singular adapted coordinates around p, this is coordinates C, relatively to which = 

id^ = iQdC,. Then all changes of regular coordinates are given by translations. If 
C,' is a regular adapted coordinate and is a singular adapted coordinate, then 
C = *C^/2 + c. Then for a regular adapted coordinate C, we have — ddi( A d'^C, 
Xa{C) = * a-iid F/'C = + it. Moreover, for a singular adapted coordinate C we 
have LJa = ICPt^J^C A d^C, C^aiC) = 1, and hence X^iC) = j^- It follows that for 
a singular adapted coordinate ( = x + iy we have W{() = \C\'^V{(), where F is a 
smooth positive function. Hence, ^(C) = ^(C)C — V{x,y){x,—y). 

Let J C iS'\ E be a transversal smooth curve for {(j)t)t£S. such that the boundary 
of J consists of two points situated on an incoming and an outgoing separatrix 
respectively, and the segment of each separatrix between the corresponding saddle 
point and the corresponding boundary point of J contains no intersection with 
the interior of J. Let 7 : [0, a] — > J stand for the induced parametrization, i.e. 
i/jr(7|[Q (]) — t for any t £ [0, a], such that 7(0) lies on an incoming separatrix and 
7(a) lies on an outgoing separatrix. From now on we will identify the curve J G S 
with the interval [0, a) and, by abusing the notation, we will denote by / both the 
interval [0, a) C M and the curve J on S. 




= lim Leh{^n) = (5, 



which contradicts Proposition 15.101 Thus, Lp cannot be a coboundary. 



□ 
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Denote by T : / — > / the first-return map induced on /. In the induced 
parametrization, T : / — > / is an interval exchange transformation and it pre- 
serves the measure induced by the restriction of to /, which coincides with the 
Lebesgue measure Leb on /. Moreover, T = T^^j^ y^^ where tt S Sj^ for some finite 
set A and (tt, A) G x M:^ satisfies the Keane condition, because by assumption 
(0t)teK ti&s no saddle connections. Recall that lc„ a ^ A stand for the left end 
points of the exchanged intervals. 

Lemma 6.1. If {(j)t)tes. is of hyperbolic periodic type then the lETT can be chosen 
to be of hyperbolic periodic type. 

Proof. Let 'i> : S S he the diffeomorphism that fixes the fiow foliation ^ and 
rescales by p < 1 the transversal measure v^. Since \1/ fixes S (as a set) and sends 
leaves to leaves, replacing ^ by one of its powers, we can assume that there exists 
a point zq € Ti such that '^{zq) — zq and all separatrixes emanating from zq are 
fixed. Consider a transversal 7 : [0, a] — )■ S* such that 7(0) = zq and the endpoint 
7(a) is on an outgoing separatrix. Up to modification of ^' by an isotopy which 
leaves {^jV^) invariant, one can also assume that ^(7) C 7 (see for example §9 
in |10|1. The first return map on 7 in the induced parametrization, as seen above, 
gives an lET T = Ti^tt,x) '■ I ~^ I with / — [0,a). Moreover, as ^'(j^j?) — pvg:., we 
have ^'(7(0;)) — j{px) for every x € [0, a]. Since \E'(^) = ^ and ^(7) C 7, jipa) 
still belongs to an outgoing separatrix and [0, pa) is admissible in the sense defined 
by Veech in §3 in [3E). This, as shown by Veech in implies that [0, pa) = for 
some A; > 1 (recall that is the fc*'* inducing interval of Rauzy- Veech induction) 
and that the first return map on = [0,pa) is TZ^{T). 

Every discontinuity la of T is such that j{la) is the first backward intersection of 
one of the incoming separatrix with the interior of 7. Since ^(pla) = "^{^{la)) and 
^'(7) C 7, also ^{pla) is the first backward intersection of an incoming separatrix 
with the interior of ^'(7). This shows that the lET induced by T on = [0,pa) 
has datas {'K,pX), hence 7^'=(T) = Ti^^^px)- This shows that QiVJ^T) = Q{T) and 
thus Q{W+^T) = Q{WT) for n > 0. Let A = Q{Tl^T) be the period matrix. 
Since the orbit of T under TZ is obviously infinite, A™ is a positive matrix for some 
'm>l,hy Lemma in §1.2.4 in [31J- It follows that replacing ^I' by its m-th iteration, 
we can assume A is a positive matrix. Therefore T is of period type. 

Moreover, the action induced by ^' on 7Ji(5', R) is isomorphic to the action of 
A on R-^/kerfJ^, and hence to the action of (A*)~^ on if^ (see §2 and §7 in |51|). 
Thus, the assumption that {<fit)t£K is of hyperbolic periodic type is equivalent to T 
being of hyperbolic periodic type. 

Finally we want to choose a transversal 7 as in the construction before Lemma 
16.11 i.e. such that 7([0, a]) C S'\ E and 7(0) lies on an incoming separatrix and 7(a) 
lies on an outgoing separatrix. One can obtain such a transversal by homotoping 7 
slightly along the leaves of ^ to a new 7' so that 7'(0) now belongs to an incoming 
separatrix for zq. If the homotopy is small enough so that S is not hit, the first 
return on 7' is still given by the same lET T. □ 

Set a = 7rf ^(1) S .4. Denote by t : / — R+ the first-return time map of the flow 
('/'t)teR to /. This map is well defined and smooth on the interior of each interval 
la, Oi £ A, and T has a singularity of logarithmic type at each point la, ol ^ A 
(see [13) except for the right-side of Ig/, here the one-sided limit of r from the left 
existfl The precise nature of these singularities is analyzed in Theorem 16.31 below. 



We remark that this is due to our convention of choosing 7(0) on an incoming separatrix 
and 7(a) on an outgoing one. If we had chosen 7(0) on an outgoing separatrix and 7(a) on an 
incoming one, the finite one-sided hmit from the right would be at where a = -k'^^{1) € A. 
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The considerations so far show that the flow (0t)tgR on (5, i/) is measure-theore- 
tically isomorphic to the special flow T"^. An isomorphism is established by the 
map r : /'^ — > S*, r(a;, s) — (j)s^{x). 

6.2. Extensions as special flows. Let us now consider an extension ($f)tgR 
given by a '^^+^-function / : S* R. Let us consider its transversal submanifold 
J X E C 5* X R. Note that every point (7(2;), y) e 7(Int/tt) x R returns to / x R 
and the return time is T{x,y) = t{x). Denote by Lpf : Uae^I^it^a ^ ^ 
'T^+'^-function 

(6.1) <ff{x)=F{T{x)M.x))= f ^\{4>,-i{x))ds, forxeMlnt/„. 
Notice that 

(6.2) Leb{f)^ j^^}{x)dx^ jjdv^uif). 

Let us consider the skew product T^^ : (/ x R, Leb x Leb) — > (/ x R, Leb x Leb), 
T^^{x,y) = {Tx,y + ipf{x)) and the special flow {T^fY built over T^^ and under 
the roof function r : / x R — > R_|_ given by T{x,y) = t{x). Thus, by standard 
arguments, this show the following. 

Lemma 6.2. The special flow (T^fY is measure-theoretically isomorphic to the 
flow ($/■) on {S X R, X Leb). □ 

Recall that ff is in the interior of each interval la, a E A. The following 

Proposition provides further properties of the singularities of 93 j at the endpoints 
of la, a E A and their symmetry properties. Recall that a — n^^{l) and set 

Theorem 6.3. For every '1^'^^'^ -function / : — > R there exist Ca , a £ A, with 
Ca = = 0, and g G AC{UaeAla) such that 

= - E (^^ log - + log mWo. - x)/\I\})) + g{x). 



Moreover, Lpj e LSSG(UQg_4/Q) and g = gi + 32 with gi,g2 £ -AC{UaeAla) satis- 
fying g'l € LSSG(UQ,g^/Q,) and € AC(Uai£Ala)- There exists a constant C > 
such that 

(6.3) C-i^|/(z)|<i^(^/)<C^|/(z)| and ||.g||BV < 

zGS ze'S 

for every f £ '^^^'^ (5) . In particular, the linear operator 

"^2+^(5) 9 / ^ € LSSG(U„e^/„) 

is bounded. 

The proof of this Theorem is presented in Appendix [Bj In Appendix |B] we also 
prove the following Proposition: 

Proposition 6.4. If f{z) — for each z G S then (ff £ AC{UaeAla) and 0{(pf) = 
for every O G S(7r). 

The following proposition is also needed to complete the proof of Theorem 11.31 
and will be used also in the proof of Theorem 11.11 

Proposition 6.5. Assume that T is of periodic type. Then every ip G ACo{UaeAla) 
with kp' G LSSG(LJQg_4/Q) is cohomologous (via a continuous transfer function) to a 
cocycle ip G PLo(LJQ,g^/Q,) with s(ip) ~ s{ip). In particular, if additionally s{ip) — 
then if is cohomologous (via a continuous transfer function) to h £ ^^0^ ■ 
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The proof of this Proposition is given in Appendix [Cj Collecting together all 
these statements, we get the proof of Theorem 1 1.31 

Proof of Theorem The first part of the Theorem 11.31 follows by combining 
Lemma l6.2l and Theorem 16 . 31 and the second part using also Lemma l6. II and Propo- 
sition 16.51 and recalling that special flows with cohomologous roof functions are 
measure-theoretically isomorphic. □ 

6.3. The dichotomy for extensions. In this section we prove Theorem ll.il We 
will use the following Lemma which exploits the special flow representation in ij6.2l 

Lemma 6.6. The flow ($f )(gR is ergodic if and only if the skew product 



V>f 



IS 



ergodic. For efertF^ / G '^'^^'^(S, S) the flow {^{)t£]SL is reducible if and only if ipf 
is a coboundary with a continuous transfer function. 

The proof is standard apart from the continuity of the transfer function. We 
include it for completeness in Appendix iDl 

Proof of Theorem \ 1 . 1\ Let [(j)t)t£R be a locally Hamiltonian flow of hyperbolic pe- 
riodic type on S. Let us split the proof in several steps. 

Definition of the space K . Let us first define a bounded linear operator on ^'^^'^{S), 
and then use it to define K as its kernel. Let v{f) := f dv and fo :— f — v{f). 
By Theorem 16.31 the extension (<l'f)tgR is measure-theoretically isomorphic to a 
special flow built over the skew product T^j: with iff G LSSG(UQ,g^/Q,). In view 
of (|6.2p . Leb{(fifg) = vijo) = 0, so Lpf^ G LSSGo(U„g_4/Q). Consider the operator 
f) : LSSGo(U„e^Ja) T given by TheoremO Let k = ^T, = 2{g ~ 1) and let 

Sj -.'^^+'{8) ^RxT and £ : '^^+' (S) ^ R"" 
stand for the operators 

Since the operators / i~> f ^ ^Pf (by Theorem 16. 3p and f) (by Theorem 14. ip 

are linear and bounded, is a bounded linear operator as well. This shows that 
the kernel of is a closed space. Moreover, the image of S) has dimension g since 
by Theorem 14. II the image of [) has dimension .g — 1. Thus, K has codimension g. 

Invariance of K. Let us show that the operator f) is (0t)tgii-invariant, i.e. Jo(/ o 
<^t) = ^if) for every t G M. Since 0( preserves ly, we get j/(/ o 0^) = i^(f), so it 
suffices to prove that fl(<y3/o0t) — i)i'ff) for each i G M and / G LSSGo(LJag^/Q). 
Note that 

/•t{x) pt+r{x) 

ffo^pAx) = j f{(t)t+sl{x))ds = j f{4)si{x))ds 

t{x) pt pt+r{x) 

f{(t>sl{x))ds~ / f{(t>s^ix))ds+ / f{(t)sj{x))ds. 

Jo Jt{x) 

Let us consider the "^^-function ^ : / M, ^(x) — /J f{(j)s^{x))ds and observe that 

Ct + T{x) r-t r-t 

f{(j)sl{x))ds = / /((/)s o <f>r{x)l{x))ds = \ f{(f>sj{Tx))ds = £,{Tx), 

r{x) Jo Jo 

so (/?/o0t = ipf + £, o T - ^ and </3/-/o0t ^ ^ - ^ o T. As (/ o 0^ - f){z) = 
for each z G S, by Proposition 16.41 ff-fo4,t ^ ACo(LJQ,g^/Q,). Since we showed 
that 95/o0t-/ is a coboundary. Lemma 14.61 implies that ^{^fo(f>t~f) ^ 0- Thus, 



^'^This Lemma holds more generally for any / G V^{S,T,), even if we need it only for / £ 
(5,S). 
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by linearity, f)(</5/o0t) — i)iff), which completes the proof of invariance of i^. In 
particular, it follows that the kernel K is (0t)fgR-invariant. 

Step 3: Ergodicity. We need to prove that ii f e K C '^^+^ and Y^zes \fo{z)\ 7^ 0, 
then the flow (${)igK on 5 x R is ergodic. Since f ^ K, we know that Sj{f) = 
0. In particular we have Leb{ipf) = v{f) = 0, ^{^Pf) = and since / = /q, 
— X^^es l/o(-2)| 0. By Lemma [6.61 it suffices to show the skew product 
: / X M ^ / X R is ergodic. 
In view of Theorem 16.31 the function tpf S LSSGo(LJc(g^/Q) can be decom- 
posed as. {if f — gi) + gi where we can choose gi G AC{){Ua^ji^Ia) and ipf — gi G 
LSSGo(LJQ,g^/Q.), while g[ £ LSSG(UQ,g^/Q,). By Proposition 16.51 gi is cohomolo- 
gous via a continuous transfer function to a function in PLo(LJQ,g_4/Q,), which is in 
particular BV^. Thus, ipf can be decomposed as (pf+g with G LSSGo(LJQ,g_4/Q,) 
and g £ ACoCUcg^/c) is a coboundary. Next, by Lemma 14.61 t){g) — 0, so 
(,(^^) = = 0. Since by ^ we have ^(ipf) = ^{(fif) > ||£(/)||/C > 0, the 

skew product T^^ is ergodic by Theorem 15. II Since ipf and ipf are cohomologous, 
T^^ and T^^. are metrically isomorphic, so also T^^ is ergodic. This completes the 
proof of the first case of the dichotomy. 

Step 4-' Reducibility. Let us now prove that ii f £ K and X^zes l/o(^)l = then 
the flow ($f )tgR on S" X R is reducible. Since f £ K, v{J) — and / = /o, so from 
(j6.2p we have Leb{(pf) = and from (|6.3p we have ^{ipf) — 0. It follows from 
Theorem 16.31 that (pf £ ACq and £ LSSG. Moreover. Proposition 16.41 also gives 
that 0{ipf) = for each O £ Y.{tt). Summing over O £ J:{tt), by this shows 

that s{(pf) = 0. Moreover, since by assumption f £ K, i){(pf) = 0. Let us show 
that this implies that ipf is a coboundary with a continuous transfer function. 

By Proposition 16.51 there exist h £ Tq such that ipf — h is a coboundary with 
a continuous transfer function, that is iff ~ h — g — g o T and g : / — > R is 
continuous. Let us show that then 0{ipf — h) ~ for every O £ S(7r). It is proved 
in [7] that for each ip £ AG{Ua£j^^Ia) and fc > 1 we have 0{S{k)p) = 0{if) and 
< 2d||^||,up. Thus, 

\0{^f - h)\ - \0{S{k){^f - h)\ < 2d \\S{k){^f - Mllsup 

< 2d sup sup {\g{x) - 5(T'3° Wx)} < 2d sup Mx) - g{x')\} 

and the latter supremum tends to zero as fc — > 00, hence 0{ipf — h) = 0. It 
follows that 0{h) = 0{ipf) — for every O £ S(7r), and hence h £ i?^ by Remark 
12.171 Moreover, since ipf — h is a coboundary, by Lemma [4.61 f)(</3y — h) = and 
since f}(<p/) — (because / £ K), this gives by linearity that also i){h) = 0. By 
Proposition 16.51 h is a coboundary with a continuous transfer function as well. 
Therefore ipf = [ipf — h) + h is a sum of coboundaries with continuous transfer 
functions. By Lemma [6.61 this implies that the reducibility of ($f )tgH. 

Step 5: Decomposition. It was proved in I^Tj, for every h £ H-^ there exists a 
function / £ "^2+^ ( jvf^ 5]) with ipf = h (see Lemma 7.4 in [7J). Since \){h) = h 
for each h £ r) Tq C Ht^, it follows that for every u € R and /i G Pu n Fq 
there exists / £ '^^+'^(M, E) such that v{f ) = v and \){'Pfo) = t)(/i) = h, hence 
S){f) = {v{f):\){f fa)) — {v,h). Therefore, there exists a g-dimensional subspace 
C ^2+'(M, E) such that ^3 : ^- R^ is a hnear isomorphism. Given 
/ £ '^2+<=(M, E), let /s e ^ be the preimage of Sj{f) by this isomorphism. Then 
if we set fx ■= f - /s then Sj{fK) = ^{f) - = 0, i.e. / £ K. This gives the 

claimed decomposition / = fx + /s and concludes the proof. □ 
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Appendix A. Proof of Proposition 12.151 

In this section we give the proof of Proposition l2.15l For a compactly absolutely 
continuous function ip : I \ End{T) — > M, this is absolutely continuous on each 
compact subset of its domain, set 

losUp) — ess sup < min \lp' (x){x — a;) I : a; G / \ EndiT) > . 

\^xeEnd(T) J 

Of course, every function ip G LG(Llag^/Q) is compactly absolutely continuous and 

(A.l) /os(^) <^(^) + |/|||.g;||sup and ^{p) <2dlos{p). 

Lemma A.l. Let f : {xq,xi] — > R &e a compactly absolutely continuous function 
such that \f'(x){x — xo)| < C for a.e. x G (xo,a:;i]. For every J ~ [a, fe] C [a;oja;i] 
we have 

\m{f,J)~ f{b)\<2C and '^-^^^-^^ < ifa>xo. 

b — a a — xo 

Proof. If a > xq then using integration by parts we get 



{fix) - /(&)) dx^{a~ Xo){f{b) - f{a)) ^ (x - Xa)f\x) dx 



Moreover, by assumption, 
Furthermore, 

1/(6) 



Sl(x~x^)r{x)dx < j'\{x~xo)nx)\dx < C\J\. 



f'{x)dx 



< 



C b-xo 
■ dx — C log ■ 



= Clog 1 



X — Xq a — xq 

b-a _ C\J\ 



a — Xo 



< C- 



a — Xq a — Xq 



It follows that 



b — a 



f{x)dx~f{b) 



1 



{f[x)~f{b))dx 



< 2C. 



Letting a xq, we also have |m(/, J) — f{b)\ < C ii J = [xq, b]. 
Lemma A. 2. Let if G LG(Uag_4/Q) and J d la for some a £ A. Then 

(A.2) 
(A.3) 



□ 



|m(v5, J) - m{ip,La)\ < los{ip) ( 4+ — ) ; 



1 



\(p{x) — m{ip, J)\ dx < 8los{ip). 



Proof. Let La = [xq,X2] and xi — {xq + X2)/2. Suppose that J — [a, &] C [xo,.i;i]. 
In view of Lemma lA.ll 

(A.4) \m{ip,J)-ip{b)\<2los{ip), \m{ip,[xo,xi])-ip{xi)\<2los{ip) 

and 

I f ^ /-Ml ^ ; t - 6 ^ , / ~, xi - xq los{ip) \La\ 

\<f{xi) - ip{b)\ < los{ip)- < los{ip)— = -^^jjr- 

b ~ Xq b — a I \J\ 

Applying Lemma lA. II to c/? : X2) — > M we also have 

|m(</3, {xy,X2\) - </'(a;i)| < 2los{ip). 
Since m{ip, [xq, X2]) = (miip, [xo,xi]) + m{ip, [xi,X2])) /2, it follows that 

|to(v3,/q) - ip{xi)\ < 2los{ip). 
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Therefore 

los{ip) \Ia\ 



(A.5) \m{ip,J)-m{ip,Ia)\<'ilos{ip) + ' 



\J\ 



Let us consider the function (p : (xq, xi] — ^ M, (p{x) = \ip{x) — 'm{ip, J)\. The function 
if is compactly absolutely continuous with |(^'(x)| < almost everywhere, 

hence los{(p) < los{ip). Therefore, by Lemma I A. 11 

■7—7 / Ifix) — m{ip, J)\dx = m{(p, J) < |m((^, J) — (fi{b)\ + 



\J\ 

= \m{ip, J) - (p{b)\ + \(p{b) - m{if, J)\ < 2los{(p) + 2los{ip), 

hence 

(A.6) [ \ip{x) - m{ip,J)\dx < 4:los{ip). 

Ml Jj 

By symmetric arguments, (|A.5p . (jA.6p and 

(A.7) \m{ip, J) ~ ipia)\ < 2los{(p) 

hold when J C [a;i,a;2]. If xi e (a, fo) then we can split ,/ into two intervals 
Ji = [a,a::i] and J2 = [xi,b] for which (jA.Sp and (|A.6p hold. Since 

(A.8) + 

it follows that 



J| V 2|Ji|; |J| V 2|J, 

By (|A.4|) and (|A.7|) . |m(v3, Ji)-ip{xi)\ < 2los{ip) and |to(<^, J2)-</3(xi)| < 2?os((p). 
Moreover, by (IA.8|) . \m{(p, J) — (p{xi)\ < 2los{(p), hence 

\m{ip, Ji) — m((/3, J)| < 4Zos((/3) and \m{(p, J2) — 'rn{ip, J)\ < Alos{(p). 

In view of (jA.6|l applied to Ji and J2, it follows that 

■7—7 / \lp{x) — m{ip, J)\ dx < 8los{(p) a.nd -r—r j \if{x) — m{ip, J)\ dx < 8los{(p), 
Mil Jji K2I Jj2 

and hence Jj ~ "^('Pi >^)l f^^; < 8Zos((p). □ 

Proof of Provosition \2.15i First note that if g E BV{lJaeAla) then 
(A. 9) 15(2;) — m{g, J)\ < Var g for each x E la- 

Let If = Lp{)+ g^he the decomposition of the form (ll.2p . Since ^((ySo) = -5f((/9) and 
ffi/3o = '-'i t)y (|A.2|1 . (jA.3p and (jA.l[) . we have 



Moreover, in view of (IA.9 



|w(g<p, J) - m(g<^,/a)| < Varg^, JJ^ j - m{g^,J)\dx < Yavg^. 

Combining these inequalities completes the proof. □ 
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Appendix B. Singularities of extensions 

In this Appendix we prove Theorem 16.31 and Proposition 16.41 The following 
Lemma will be used in the proof. 

Lemma B.l. Let g : [—1, 1] x [—1, 1] — > M 6e a '^'^^'^ -function. Then the function 
^= : (0, 1] ^ R; 



e(,s)- l\(u,-) -du 
is of the form 

e(s) = -g(0,0)logs + e(s) with'^is) = -g,y(0,0)slogs + ^o(s), 
where : [0, 1] — > R is an absolutely continuous function whose derivative is abso- 
lutely continuous and ||C||bv 1£ C'llffll^'^- -(f additionally g{0,0) = 0, then 

(B.l) limf(s)-/ {g{u,0)-\-g{0,u))-du. 

Proof. First note that 

(B.2) g(u,-)-du+ f g(-,u)-du. 



Thus 



and 



^"(^s)^ / g^4f'^) +gw ("4) ^.^ 9x{^fs,^s)+ gy{^s,^s) ^ g{^fs,^s) 



First suppose that g{Q, 0) = 0, g'{0, 0) = and g"{Q, 0) = 0. Then 

\g{x,y)\ < min(||g||^.(|xp + |y|2),||g||^.+,(|:,|2+^ + |y|2+^)), 

\\g'{x,y)\\ < mm{\\gy.i\x\ + \y\),\\gy.^.i\x\'+^ + \y\'+^)), 

\\g"{x,y)\\ < ||5ll^=+.(kr + l2/r). 
It follows that 

m\ < 3\\gy., < |i.9|k.(3 - 21ogs) and 1^(^)1 < 



Since and ^" are integrable on [0, 1], ^ and ^' are absolutely continuous. Moreover, 



||e||BV = ||?||sup+ / \^'{s)\d3<8\\gy2. 
Jo 



For an arbitrary g we use the following decomposition 
g{x, y) = 5(0, 0) + .g,(0, 0)x + gy{0, 0)y 

+ ^9xxiO, 0)x^ + ga;yiO, 0)xy + ^gyy{0, 0)y^ + 50(2^, y)- 

Then 50 is a '^^^"*'^-function such that go, g'^ and g^ vanish at (0,0) and llgoll'i?^ < 
5||g||<g'2. As we have already proven, the function and its derivative are abso- 
lutely continuous and ||C^"||bv ^ 8||5o||<g2. By straightforward computation, we 
also have 

e{s) = -\ogs, r(s) = e(s) = i-s, r'(s) = e'(s) = i^, r"(s) = -slogs. 
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Hence 

as) = - g(0, 0) logs + (5,(0, 0) + 3,(0, 0)) (1 - s) - g.y{0, 0)s logs 

+ (5x.(0, 0) + gyy{0, 0)) + 
It follows that ^0 a-iid its derivative are absolutely continuous and 

||iBV<2||5||^2 + ||e3«||Bv<42||5||^2. 

Assume additionally that ^(0, 0) = 0. Since g is Lipschitz continuous with Lips- 
chitz constant llffH-^i, we have 

' 1 1 

g(u,0)—du~ / g(u,s/u)—du 

< \g{u,0)~g{0,0)\-du+ f \g{u,0) - g{u, s/u)\-du 
Jo ^ w 

< hy^i^J^ 'rfu + ^-^du^ = ||.g||<^i (2^/i-s) ^0 

as s — ?> 0. The symmetric reasoning together with (|B.2|) finally give (jB.ip . □ 

Proof of Theorem \6.S[ For every S > and z G T, denote by B{z, S) the closed ball 
of radius 5 and centered at z in singular adapted coordinates. Next choose S > 
so that intervals [la — S'^ , la + S'^], ct G A are pairwise disjoint and B{z, 6) O I = ^ 
for all z G E. For every z G Y, denote by Oz the corresponding orbit in S(7r). For 
simplicity assume that |/| = 1. 

We split the proof into several parts. In each of them we will assume that / is 
supported on a part of the surface 5. Then we will collect together all parts to 
prove the theorem in full generality. 

Non-triviality on a neighborhood only one singularity. First fix z G S and assume 
that / : S* R is a '^^"'"'^ function which vanishes on S \ B{z,S). Recall that each 
point la, ct Q. = 'n'l^i^) corresponds to the first backward intersection with / of 
an incoming separatrix of a fixed point, this fixed point will be denoted by zi^ G S. 

Regular case. Now suppose that z ^ zi -i^^^ ■ Then there exist two distinct elements 

ao, ai £ A such that z = zi^^ = zi^_^ and Oz — {7ro(ao) — l:7''o(cn) ^ !}■ Let 
C = X + iy he the singular adapted coordinate around z. Then there exists a 
positive '^'^-function V : [-6,6] x [-6,6] -J> M such that X{C) = V{x,y){x,-y) 
and uj = on [-5,6] x [-6,6]. Moreover, 

^l,ll:[-6\6^]^S, ^l{s) = {±sl6,±6), ^l{s) ^ {±5,±s/6) 

establishes an induced parameterization of the boundary of the square [—6, 6] x 
[— (5, Let us consider the functions ■ [—6'^,0) U (0,5^] M+ such that r^(s) 
is the exit time of the point {±s/6,zt6) for the flow (ipt) from the set [—(5,(5] x 
[—(5,(5]. Since the positive orbit of la^, e = 0,1, hits the square [—(5,(5] x [—(5,(5] at 
((— 1)'^(5, 0) and / vanishes on 5\ ([—(5,(5] x [—(5,(5]), the function cpf vanishes on 
/ \ {[Lo - 6^,lao + 6^] U [la, - 6\la, + 6^]) and 

rL:''' is) 

cpj:(s + laj= f{(l>t{{-lYs/6,{-lY6))dt forse [-5^(5^] ande = 0, 1. 



Fix e e {0,1} and let ixt,yt) = (?!)t((-l)'s/(5, (-l)'^J). Then 
' d d 



a;t, ^yt ] = X{xt,yt) = V{xt,yt)ixt,-yt), 
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and hence 
Therefore 

XtVt = xoyo = s. 

Since s ^ 0, it follows that Xt for all t e R. By using the substitution u = Xt, 
we obtain du — -^xtdt — V{xt, s/xt)xtdt and 

ffis + LJ^J f{xt,Vt)dt = j f\xt,— ]dt 

In view of Lemma IB. 11 

ff{s) = -Ca, l0g|s - /qJ +fc(s), f,(s) = -ifQ^(s - la,)\0g\s - la, \ 

where : — (5^, la^ + (5^] \ {/q^ } — R is a function which is absolutely continuous 
with absolutely continuous derivative, 

Var^e|[/^_^_52_,^j + Varf£|(,^^ < Cy||/||<^2 

and 

Therefore 

= - ^ (log{a; + logj^Q, - x}) + where 

£=0,1 

g{x) =-K,Y,{{x- ?aJ(log{x - /a.} - 1) - {/a. " a;}(log{?„, - a;} - 1)) 

e=0,l 

+ 50 (a;) 

and (7o : / — > R is absolutely continuous with absolutely continuous derivative on 
}, SO goiffo ^ AC(UQg^/Q). Moreover, g e AC{UaeAla) and is 

equal to 

^ (log{a; + log{;„. - x}) if a; e / \ |J - ,5^ + (5^] 

e=0,l £=0,1 

(log{Za, - a;} + log{a; - J + log{/ai_, -2;}) +^£(2;) if a; € +(5^] 

C2 (l0g{x - la,} + l0g{x - /qi_,} + l0g{?ai_, " a^}) + lc{x) if X € " 5^ ,la,]- 

For e = 0, 1. It follows that 

Varg <4|C^| Var(log)|[52^i] + ^ (Var .52, j + Var^il +5^]) 



£=0,1 



<4^^l0g^-2 + 2Cv||/||^2 <C,,y||/|1^2. 

Finally note that Lpf and g can be represented as follows 

^fi^)^- 51 C+\og{x-la}- Ca\og{ra-x}+g{x), 

7ro(Q)-lGO^ Tro(Q)eOz 



ERGODIC PROPERTIES OF INFINITE EXTENSIONS OF AREA-PRESERVING FLOWS 49 



where 

g{x)=go{x)- K+{x-la}i\og{x-la}-l) 

+ K^{ra~x}{\og{ro.~x}-l) 

with C+ = C„ K+ = K, if ^o(a) - 1 e and = C„ K~ = K, if 7ro(a) G O.. 

It foUows that (|2l4l) is vahd for O = O^. For O 7^ the condition ((2J4| holds 
trivially. 

Exceptional case. Now assume that z = _j . Denote by ao ^ 7rQ"^(l) an ele- 

ment of the alphabet for which z = Za_„. Then Oz — {0,7ro(ao) — l,7''o(a) — 1}. 
Since Z^-i^j^^ and la lie on the same incoming separatrix of z, similar arguments 
to those used in the regular case show that there exists (?OjG ^G{Ua£Ala) with 
5q G KG{UaeAla) such that 

^Pf{x) ^-Cz (l0g{x} + \0g{la ~x}+ \0g{x -lao}+ ^O^i^ao - x}) + di^) 

= - C+log{x-la}- Y C-log{ra~x} + g{x), 

where 

9{x) = go{x) ~ Kz ({a;}(log{x} - 1) - {la - x}{\og{la - x} - I) 

+ {x - ;aJ(log{a:: - lao) - 1) - {'qq - x}{\og{rao -x}- 1)) 

^go[x)- K+{x^la}[\0g{x~la}^l) 
+ Y Ka{ra-X}{\0g{ra~x}~l), 

with C+ = Cz, K+ = a a ^ a and ^o(a) - 1 e O,; C+ ^ K+ ^ 0; C" = C„ 
K- = X, if ^o(a) e a; and Vary < Csy\\fy2. 

Vanishing around singularities. We will now deal with the case where / vanishes 
on each ball B{z, 5/2), z e S. For every a ^ A denote by /iq > the first return 
time of points in to / for the vertical flow and set h = {ha)ai£A- Since 

(j)tx — F^^^-^x and W{4>tx) = ^(t,x), we have /i(r(x),x) = ha for each x G la- 
Then using the substitution s = h{t, x), for each x d la '^g get 

rT(x) i-h^ f(F'"(x)) 

vf{.x)^ f{Mx))dt^ i),;y' ds. 



lo WiF-{x)) 

The function : S* — > M is positive with zeros only at S. Therefore cs := 
mm{W{x) -.xe S\[j^^^B{z,S/2)} > 0. Moreover, f/W : -> R is a 
function with 

\\f/w\Wo < cj'Wfyo and \\f/wyi < cj^wyiWfyi. 

It follows that (fif can be extended to a "if ""-function on each la, a £ A, 
11(^/11^0 < m&x{ha : a G A}\\f/Wyo < \\h\\cj'\\fyo 

and 



Var^/ = / \ip'f{u)\du =Y I r ^{f/W){F^{x))ds 
J I ^^^Ji^ Jo c)y 

< {x,h)cj^wy4fy.. 



du 
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Hence (pf,ip'j £ kC{Ua_£Ala) and there exists a positive constant C* such that 
||<<5/||bv < for each / : S* R vanishing on U^es B{z,S/2). Since (f has 

no logarithmic singularities, the condition (|2.14p holds trivially. 

General case. Let us consider a "^"^ -partition of unity {pz : z € E U {*}} of S such 
that Pz vanishes on S" \ B{z,6) for all z S E and /o* vanishes on [j^^-^ B{z,d/2). 
Since the balls B{z,6), z £ Y, are pairwise disjoint, = 1 on B{z,5/2) for each 
z G E. Let us decompose tpf as follows >ff= X^zge'^Pj / ~^ Vp,-f- I^i view of all 
facts that have been proved until now for all z € E we get 

(B.3) Lpp^.f{x)^- ^ C+log{x-/„}- ^ C^log{r„ - a;} +5^(a;), 

7ro(a)-leO^ 7ro(a)eC'^ 

where 

9z{x)^ gz.o{x)- ^ K+{x~lc}{\og{x-lc} -I) 

(B.4) ^"^"^-^^'^^ 

+ ^ {^a - a;}(log{r„ - - 1), 

with gzfi,g'zfi e AC(Uag^/Q) and 

IIs^IIbv < Cs.vWpz ■ f\y^ < Csy\\pz\\^A\I\\'€^- 
Moreover, ipp^.f,ip'p^,^ £ kC{UafzAla) and 

Let 

9-='^9z + (Pp,-f, 92 ^ 9zfi + 'Pp,-f, 91= 9-92 and = = 0. 
Then 31,52,52 ^ AC(Uag^/a) and 

+ 1 11/11 



llffllBV < ^S,v\\Pz 

VzeE 



Since 

y {a : 7ro(a) - 1 € a} = ^ and |J {a : ^o(a) e Oz} - ^ \ {«}, 

z6S zGE 

summing up (|B.3I) and (IB.4[) over z G E, we get 

9'l{x) = - X! {^a{x - la} l0g{x - la} + i^ajra - x} log{rQ - x}) . 

Since the condition (|2.14p holds for each function <Pp^./ and V'p, / has no logarithmic 
singularities, (j2.14p is valid also for Lpf. The same applies to g'^. Moreover, = 
Cj= = and 

C+ = f/V{z) iia^a, 7ro(a) - 1 G Oz and = f/V{z) if ^o(a) € ©z- 
Therefore, 

qG^ zGS ^ ' 

Since ^ takes only positive values, it follows that 
4 



max{F(z) : z e E} ^ ' ' min{y(z) : z G E} 
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□ 

Proof of Proposition \6.4\ By Theorem 16.31 iff G AC{Uai£Ala)- For every two 
pohits xi, X2 G 5 such that xi — (f>uXo and X2 = (f>vXQ for some —oo < u < v < +00 
and So € 5 \ S let I(xi,X2) — f{(t>sXo) ds. In view of (jB.ip . analysis similar to 
that in the proof of Theorem 16.31 shows that 

1- iQ-c^ziJ+Iizi^.Tlc,) if 7ri(a)^l 



lim (pf{s) 



I Iira,ZrJ + I{zr^,Tra) if 7ro{a) ^ d 
[ I{ra,Tra) if 7ro(a) = d. 

Therefore, for every a & A with 7ri(Q!) 7^ 1 and 7ro(Q!) 7^ 1, d we have 



lim (pf{s)- lim ipf{s) = I{zi^,Tla) - I{zi^,Tla). 

Take = 02 which does not contain and d. Let ao,ai be distinct elements of 
the alphabet for which zi^^_^ ~ zi^^ ~ z. Then O — {7ro(ao) ^ l,7ro(Q!i) ~ 1} and 
Tla, = fla,_^ for e = 0, 1. In view of U^J^ . it follows that 



e=0.1 V^^'°. ''^'"^ / e=0,l 



= 0. 



Similar arguments to those above show also that 0{(pf) = if G O or d e O. □ 

Appendix C. Cohomological reduction 

In this Appendix we prove Proposition 16.51 Denote by ACQ{Ua£Ala'') the sub- 
space of all (fi e ACo(U„g^/i°^) such that ip' G LSSGo(Uaeyi/i°') and \){ip') = 0. 
In view of Theorem 14. 11 for every ip G ACQ{Uae aIo^^) and fc > 1, 

(C.l) Var(5(fc)^) < l/C^^lfc*^ + C2Var(p/|/(")|) . 

Denote by 

C/C^) : ACo(U„e^/W) ^ ACo(U„e^/('=))/r('=) 

the projection on the quotient space. Since S{k, fc')ri'^'' — ri'° •* we can define the 
quotient linear transformation of S{k, fc'), 

^,(fc,fc') : ACo(U„e.A/i'))/ri'=) ^ ACo(U„e.A/f ')/rf 

Then 

(C.2) S'b(fc,fc') o C/C^V = U^''"' ° S{k,k')ip for G ACo(U„e^/i''')). 

Moreover, Si,{k,k') : T^k) j^f) _^ p(fc')/r('=') is invertible. Since A* on r(o)/ri°^ is 
isomorphic to A* on T^"^ © fI^'' , we get 

(C.3) \\{SUk,k'))-^{h + Ti'''^)\\<C(k' -kf'-^\\h + Ti'''>\\ if fc'>fc. 
Lemma C.l. T/ie operator APC^) : ACo(U„g^/i°^) ^ r('=)/ri''\ 

/\,p{k) ^ J2{Si,{k, r + l))-i o o C'^'^+i) o 5(r, r + 1) o P^^''^ o S{k, r) 

is well defined and \\/^P^^^ip\\ < K {Ci\I^^^\^-y {ip') + €2^10: ip) . 
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Proof. In view of (jC.ip . for r > k we have 
||P„('-' o5(fc,r)(^)||,up < Var(5(fc,r)M) 

< {r -k + lf' + HJ^C2 Var^) . 

Since ||[7(''+i)|| < 1, ||C(''+i)|| < 1, \\S{r,r + l)\\ = \\A\\ and = p^^'^^'^V^''^ I, 

by del), 

II r + o o o 5(r, r + 1) o Pjj''' o 5(fc, r)((^)|| 

< {r + 1 - k)^^-^ p-'^''-''^\\A\\{r - k + 1)^'^ (Ci|/('='|J^r(v7') + C'2Var(^) . 

It follows that AP*^*^) is well defined and 

IIAP^'^Vll <if(Ci|/('^)|^r((^') + C^2Var(^) , 

where K — J2j>oij + l)^^''^^^"' ll^ll- This concludes the proof. □ 

Let PC^) : AC^(U,e^/i°') ^ AC^(U,e^/i°')/ri'=^ be given by 

pW = [/WoP(|'='-ApW. 

Since ||P(j'=^ o5(fc)(^)||,„p < Var(5(A:)((^)) < Var for every e BV(U„g^/i''^), by 
Lemma rC.li we get 

(C.4) ll^^'Vll,„p/r(^) < i^Ci|/W|Jfr(^') + {KC2 + 1) Var<p. 

Following the arguments in the proof of Lemma 14.41 for all < fc < fc' and ip € 
ACg(U„e^/^'=)) we get 

(C.5) Si,ik, k') o pWv5 = P^^"^ ° S{k, k')ip, 

Theorem C.2. Assume that T is of periodic type. For every ip £ ACQ(LJQg^/i'^'') 
j/ ^+ ri°' = P(0)(p then (p-ipe r[,°^ and f/iere exist CJ", C^", C^" > 

||S(fc)^||sup < exp(-A;(?_)(C;"ifr((^') + C2" Var(^ + C^"||'?llsup). 
Proof. For simplicity, assume that |/(o)| = 1. Since 

f/(o)(^ = p(o)^ ^ f7(o) „ pW^ _ ^p(o)^ ^ ^;(o)^ _ ^(0) „ ^(0)^ „ Ap(o)(p, 

we have ip - (p C/(o) o C(°V + AP(o)<y9 C r{,"\ In view of (fC^]) and ([C3|l . 

C/C^) o S'(fc)^ = S\,{k) o C7(°)^ = S-blfc) o p(o)(^ = pW o S{k)ip. 
Therefore, by (jOl) . (jX^ and ((CA|) . we have 

ll^^'^°^W^IIsup/r<^) = ll^^'n^W^)ll..pM^) 

< XCi|/('=)|^r(5(fc)((^')) + + 1) Var(5(fc)(^) 

< max(l,fc^'^)|/W|(Ci^r(</j') + <^2Var((^)). 

It follows that for every A; > there exists ipk G ACg(LJQg^/i'°-') and hk G fI'^-' such 
that 

(C.6) S{k)p ^ p^k + hk, ||(^fe||sup <max(l,A;*0|/^'^l(C^i^^('^') + C2Var(p). 
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As ipk+i + hk+i = S{k + l)ip ^ S{k, k + l){S{k)[p) k + l)ipk + A^hk, setting 

Ahk+i = hk+i - A^hk (A/io = /iq) we have A/ife+i = -ipk+i + S{k,k + l)ipk- 



Moreover, by (jC.6p . 

||A/ife+i|| = \\(pk+i - S{k,k + l)</3fc||sup < ||(/?fc+i||sup + \\S{k,k + l)(pk\\sup 
< (1 + ||A||)(fc + {C[^y{^') + Var(^) 

and \\Aho\\ = ||^-(^o||sup < Msup + iC[^y{^') + C^Yi^rip). 
Since hk = Eo<i<ki^*)''''^'^i and Ahi € rf \ by 
\\hk\\< J2 ll(^*)'"'A/i,|| < J2 CeM-d-{k-imAhi\\ 

0<l<k 0<l<k 

< CeM-O-k) (II ^11 sup + {C[^r{v') + Var(^)) 

+ Cexp(-6i_(fc-/)-6'i/)(l + ||A||)/*^(C;^r(^') + C2Var(^) 
i<i<fc 

<exp(-0_fc)(C^'||^||,up + Cr=Sfr(^')+C^2 Varv,). 
In view of (|C.6[) . it follows that 

||5(fc)(?|U„p < ||(^fc||sup + ||/ifc|| < cxp(-0_fc)(C;"^r(¥>') + CrVar(^ + C^'||^||,up). 

□ 

The following Proposition was proved in [31]. 
Proposition C.3. For each hounded function ip : I ^ W, x £ I and n > we have 
(C.7) |^(")(a;)| <2^||ZG + l)||||5(/V||,„p. 



Proof of Provosition 1 6'. 51 Since if' — Leb((p') G LSSGo(LJctg_4/Q), setting h l}{ip' ^ 
Leb{ip')) e Tq, we have i){(p' — Leb{ip') — h) — 0. Choose ipi e ACo(LJQg_4/Q) so that 
ip'i = ip' — Leb{ip') — h. Then (pi G ACo(LJQg_4/Q). In view of Theorem IC.21 there 
exist hi G To and C > such that the function ip2 ■= y^i + hi G ACo(LJQ,g^/Q,) 
satisfying 

||5(fc)(¥'2)||sup < Cexp(-0_fc)(i^r((p'2) + Var^2 + ||<y=2||sup). 
Therefore, by Proposition [C31 for every x d I and n > 0, 



in) 



(X)| <2^||ZG + l)||||5(/)^2||sup 



i>0 



^ 1 -lp|-g ) (^'^(^2) + Var v^2 + ||^2||.up). 

In view of Proposition 12.131 it follows that (p2 is a coboundary with a continuous 
transfer function. Let tp := (p — (p2 ^ ACo(LJ 

= - (p[ + ((^1 - (p^y ^(p' - (ip' - Leb{ip') -h)^ Leb{ip') + /i G P. 

It follows that -if) G PLo(LJQg_4/Q). Since ft, G Pq and ip' = Leb{ip') + h, we also get 
s(V') = Leh{'ip') = Leb{(p') = s{(p), which completes the proof. □ 

Appendix D. Reduction to skew product 
In this Appendix we include for completeness the proof of Lemma 16.61 

Proof of Lemma 1 6. 61 The first part is an obvious consequence of Lemma 16.21 since 
ergodicity is preserved by a measurable isomorphism and a special flow is ergodic 
if and only if the base transformation is ergodic. 
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Recall that the flow ($f )tgR is reducible if it is measure-theoretically isomorphic 
to the flow (<I>j)tgR via the map S x R 3 {x,y) i-> {x,y + G{x)) e 5 x R, where 
G : S' — ^ R is a continuous function. Reducibility is equivalent to the existence of a 
continuous function G : S R such that 



(D.l) F{t, x) = / ds = G{x) - G{(l)tx) for alH e M and x £ S. 



^f{x) = F{t{x),j{x)) = G(7(a;)) - G(0,(,)7(a;)) = G o j{x) ~ G o j{Tx). 



It follows that g:/— >-R, (7 = Go7is continuous and ip — g ^ g o T. 

Suppose that g : / — R is a continuous function such that ipf — g — goT . Recall 
that for every x £ S \ T, the {4>t)teK. orbit of x is dense and intersects the cross 
section /. If (f)tx e / for some t e R then set 



Notice that the function G : 5* \ S R is well defined. Indeed, if (j>t-^x,(j)t2X G / 
with ti < t2 then t2 — ti = t^™^ and T™(f>tiX — 4>t2X. Therefore, 

F{t2,x) - F{ti,x) = F{t2 - ti,(^t,x) = F(r(™)(0t,a;),0t,a;) 



Thus g{4>tix) + F{ti,x) = gicpt^x) + F{t2,x). 

Note that by the definition of G for every x G 5 \ S and i G R we have G{x) — 
G[^tx)^ F{t,x). 

In order to prove that G : 5 \ S — > R is continuous and can be extended to a 
continuous G : S' — >■ R, let us consider the oscillation function w : S" — > R+ defined 
at each a; e by 



Since G{(t>sx) = G{x) ~ F{s,x), F is continuous and (f)s is a diffeomorphism on S, 
uj{(f)sx) = u){x) for every x £ S and s e R. Let a: G S* \ S. Since the orbit of 
X is dense and w is upper semi-continuous, it follows that u){y) > u}{x) for every 
y £ S. By the definition of G, each interior point y of / is a continuity point of G. 
Therefore, uj{x) < = 0, so G is continuous at each x £ \ S. 

To show that G can be continuously extended to S, let us prove that u){z) — 
for all 2 e S. Since f{z) = for all z e E, (jP.ip wiU be trivially valid for all 
z S S. Fix zq € Ti and let = x + iy be the singular adapted coordinate around 
zq. Let 6 > and V : [—5, S] x [—S, S] R+ be as in the proof of Theorem 16.31 and 
set K := sup{|| (//y)'(z)|| : z G [— <5, (5] x [—(5,(5]}. Since G is continuous on \ S, 
for every e' > there exists < e < S such that |G(s,±(5) — G(s',±(5)| < e' and 
|G(±(5, s) - Gi±S, s')\ < e' for all s, s' e [~e^/S, s^/S]. We will prove that 

(D.2) |G(zi) -G(z2)| < ie' + 18Ke for all zi,z2 e ([-£,£] x [-e, e]) \ {(0, 0)}, 

which yields uj(zo) — 0. 

By the proof of Theorem l6.3l if {xi,yi), {x2,y2) G ([— e,e] x [— e, e]) \ {(0, 0)} and 
(2^27 1/2) — (t>tixi, yi) for some t € R then xiyi = X2y2 — s and 




Then for each x G / we have 





'tix) = g{(j)tix) - g{T"^(j)t^x) = g{<l)tix) - g{4>t2x)- 



uj{x) = hm sup{|G(2;) - G(y')l ■V.v' ^ B{x, e) \ E}. 



(D.3) 




It follows that for every \s\ < e we have 
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Hence if s, s' G [—£,£] then 

|G(s, e) - G{s', e)| < \G{se/6, S) - G{s'e/S, 6)\ 



* du 



+J \{f/V){se/u,u)^{f/V){s'e/u,u)\ 



u 



<e' + K^-^—P^du <e' + K\s ~ s\ < e' + 2Ke. 

Let DX = {(a;,y) : < |x| < ±y < e} and L>± = {{x,y) : < \y\ < ±x < e}. If 
e DX then, by (ID^I) and (//y)(0,0) = 0, 

\G{x,y) - G{xv/e,e)\ < £ \{f /V){xy/u,u)\^ < k (^-^ + ?j du < 2Ke. 

In view of (|D.4p . for all (a;, y), {x' , y') G we have 

\G{x,y) - G{x\y')\ < \Gix,y) - G{xy/e,e)\ + \G{xy/e,e) - G{x'y'/e,e)\ 

+ \G{x',y') ~ G{x'y'/e, e)| < e' + 6Ke. 

The same applies to I?^ , and DZ ■ This proves (jD.2[) and the proof is complete. 

□ 
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